Exercises from Section 1.2.8

Tord M. Johnson

February 22, 2016

1. [10] What is the answer to Leonardo Fibonacci’s original problem: How many pairs of rabbits are present
after a year?

The original problem assumes we start with a single pair of rabbits and a monthly period. Let k
represent the number of months that have passed and our sequence by Si, so that that initially
we start with

SO =1= F2 = F0+2 pair.

After a year, we have
S12 = Fiaqo = Fiq = 377 pairs,

and in general, after k£ months, we have

Sk = Fj42 pairs.

. [20] In view of Eq. (15), what is the approximate value of Figgo? (Use logarithms found in Appendix

>V
~ N

Given Eq. (15)
E,=¢"/ v/5 rounded to the nearest integer,

we may use the logarithms found in Appendix A to find that

Figoo =~ (@ /V5)

_ 61000 In —% Inb

— £1000In¢—41n5

— £10001In¢— 2 (In10—1In2)
~ 208.40711
~ 10%108.40711/1n 10

~ 10208.63816

~ 4.34666 x 10%°8..

That is, Fipoo is a 209-digit number whose leading digit is 4.

3. [25] Write a computer program that calculates and prints Fy through Figgo in decimal notation. (The
previous exercise determines the size of numbers that must be handled.)

The following Java code calculates and prints F; through Figgo, by assuming nonnegative integers
no larger than 209 digits.

class FibonacciNumber {

public FibonacciNumber (int initialValue) {
decimalDigits = new int [209];
for (decimalDigitCount = O; initialValue != 0; ++decimalDigitCount) {
decimalDigits [decimalDigitCount] = initialValue % 10;
initialValue /= 10;
}
}
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public FibonacciNumber plus(FibonacciNumber fibonacciNumber) {

FibonacciNumber sum = new FibonacciNumber (0);
int carry = 0;
for (
int k = 0;
k < Math.max(decimalDigitCount, fibonacciNumber.decimalDigitCount);
++k
) A
int thisDigit = (k < decimalDigitCount) 7
decimalDigits[k] : O;
int thatDigit = (k < fibonacciNumber.decimalDigitCount) ?
fibonacciNumber.decimalDigits[k] : 0;
int digitSum = thisDigit + thatDigit + carry;
sum.decimalDigits [sum.decimalDigitCount++] = digitSum % 10;
carry = digitSum / 10;
}
if (carry > 0) {
sum.decimalDigits [sum.decimalDigitCount++] = carry;
}

return (sum);

}

public String toString() {
StringBuilder stringBuilder = new StringBuilder ();
for (int k = decimalDigitCount - 1; k >= 0; --k) {
stringBuilder.append(decimalDigits[k]);

}

if (stringBuilder.length() == 0) {
stringBuilder.append (0);

}

return (stringBuilder.toString());
}

private int[] decimalDigits;
private int decimalDigitCount;

}

FibonacciNumber [] fibonacci = new FibonacciNumber [1000];
int k = 0;

System.out.println(fibonacci[k] = new FibonacciNumber (1));
++k;

System.out.println(fibonaccil[k] = fibonaccilk - 1]);

for (++k; k < fibonacci.length; ++k) {
System.out.println(fibonacci[k] = fibonaccil[k - 1].plus(fibonaccilk - 2]1));
}

The first thirty numbers generated are listed below,
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n F,
1 1
2 1
3 2
4 3
5 5
6 8
7 13
8 21
9 34
10 55
11 89
12 144
13 233
14 377
15 610
16 987
17 1597
18 2584
19 4181
20 6765
21 10946
22 17711
23 28657
24 46368
25 75025
26 121393
27 196418
28 317811
29 514229
30 832040

and Figgo is printed as anticipated, a 209-digit number whose leading digit is 4:

43466 55768 69374 56435 68852 76750 40625 80256 46605 17371
78040 24817 29089 53655 54179 49051 89040 38798 40079 25516
92959 22693 08032 26347 75209 68962 32398 73322 47116 16429
96440 906563 31879 38298 96964 99285 16003 70447 61377 95166
84922 8875.

» 4. [14] Find all n for which F,, = n.
Manually inspecting F;, until F,,_1 > n

n F,
0 0
1 1
2 1
3 2
4 3
5 5
6 8
7 13

reveals F,, = n for n = 0, 1, and 5. For n > 5, F), increases faster than n, letting us conclude
that these are the only n, as may be seen by the inductive argument that follows.

In the case that n = 6, clearly F,, = Fy = 8 > 6 = n. Similarly, in the case that n = 7,
F, = F; =13 > 7 =n. Then, assuming F,, > n for n > 5, we must show that F,,;1 >n+1. But
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Fn+1:Fn+anl
>n+n-—1
>n+1

since n > 5 by hypothesis, and hence the conclusion.
5. [20] Find all n for which F,, = n?.

Manually inspecting F,, until Fj,_; > n?

n n? F,
0 0 0
1 1 1
2 4 1
3 9 2
4 16 3
5 25 5
6 36 8
7 49 13
8 64 21
9 81 34
10 100 55
11 121 89
12 144 144
13 169 233
14 196 377

reveals F,, = n? for n =0, 1, and 12. For n > 12, F,, increases faster than n, letting us conclude
that these are the only n, as may be seen by the inductive argument that follows.

In the case that n = 13, clearly F,, = Fi3 = 233 > 169 = 132 = n2. Similarly, in the case that
n =14, F, = Fi4 = 377 > 196 = 14%> = n?. Then, assuming F,, > n? for n > 12, we must show
that Fj,41 > (n+ 1)%. But
Fn+1 :Fn"‘f'anl

>n? 4 (n—1)°

=n?+n®>—2n+1

>n?+2n+1

=(n+1)?2

since n > 12 by hypothesis, and hence the conclusion.

6. [HM10] Prove Eq. (5).

s Foi F,\ (1 1\"
Proposition. <Fn Fn1> = <1 0> .

Proof. Let n be an arbitrary positive integer. We must show that

Foyi F,\ (1 1\"
Fn Fn—l o 10 '
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In the case that n =1,

and in the case that n = 2,

(F2+1 Fz)
R Fhy

G

2 1
1 1

7
)

1-1+1-1
1-14+0-1

1 1)\?
1 0) "

F.y1 F,\ (1
F, F,.)

Il
A/ N 7 N7 N -7 N7 N

Then, assuming

we must show that

1+1 140
140 140

1-1+1-0
1-1+0-0

1 n
O )

n+1
Fopz Fop) _ (1 1\
Foy  Fp 10 :

But

Fn+2 Fn+l —
Fn+1 Fn Fn+1

'Fn+1+1'Fn
Fn+1+OFn

1\ /1 1\"
0)\1 0
1n+1

0 .

as we needed to show.

» 7. [15] If n is not a prime number, F,, is not a prime number (with one exception). Prove this and find

the exception.

Proposition. If n is not a prime number, F, is not a prime number, with the one

exception being n = 4 where Fy = 3.

1
1

1 1\ (Fay1 Fn
1 0/\ F, F.,
1

1

1

1

Fn+1+Fn Fn+Fn—l

i)

I'Fn+1'Fn—1
1-F,+0-F,_q

)

O
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Proof. Let n be an arbitrary nonnegative integer. We must show that if n is not a
prime number, F,, is not a prime number, with the one exception being n = 4 where
Fy=3.

In the case that n = 0 not prime, Fy = 0 not prime; similarly for n = 1, F; = 1.
Otherwise, let us assume n > 2 not prime, such that d is a proper divisor of n (d|n,
1 < d < n) such that n = dm for some positive integer m. Deduced from Eq. (6) we
know that F, divides F,. Since d > 1, F; > 1; and since n > 2, F; < F,. That is,
1< F; < F,.

Hence, Fj, is not prime in all cases except where F; = 1, or equivalently since d > 1,
where d = 2. The only composite number n that has no proper factor greater than 2 is
n = 4, being the one exception, where F; = 3, as we needed to show. O

8. [15] In many cases it is convenient to define F), for negative n, by assuming that F, o = Fy, 11 + F,, for
all integers n. Explore this possibility: What is F_17 What is F_5? Can F_, be expressed in a simple way
in terms of F,,?

Allowing n to range over all integers, we require

Fy=Fy+ F_q,

or equivalently,

Fqi.=F—-F
=1-0
=1.

Similarly,
Fo=Fy—F
=0-1
=-1

and in general for nonegative n,

as is shown below.

Proposition. F_,, =F_, 0 —F_, 11 = (_1)n+1Fn'
Proof. Let n be an arbitrary nonnegative integer. We must show that
F*n = F*’I’H’? — F*TH’I — (_1)n+1Fn

In the case that n = 0,

Fh=F—-F
=1-1
=0
= (1) Fy;

and in the case that n =1,

F,.=F—-F
=1-0
=1

= (=)' Fy.
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Then, assuming
F—n = F—n+2 - F—n+1 = (*1)n+1Fna

we must show that

Foni1) = F_uinysz = Foguinsr = (D)OFHE, L

But

F—(n+1) = F—(n+1)+2 - F—(n+1)+1
= F—n+1 -F_,

— (_1)(n—1)+1Fn_1 _ (_1)n+1Fn

as we needed to show. O

9. [M20] Using the conventions of exercise 8, determine whether Egs. (4), (6), (14), and (15) still hold when
the subscripts are allowed to be any integers.

We determine that Eqgs. (4), (6), and (14) hold if n is allowed to range over all the integers, but
not Eq. (15), as given by counterexample.

Proposition. F, 1 F, 1 — F? = (=1)" for negative n.

Proof. Let n be an arbitrary negative integer. We must show that
Foi1Fy1 — F2=(—1)".
In the case that n = —1,
FoF 5 —F? =—-1= (-1
and in the case that n = —2,
F . F3-F*%=2-1=1=(-1)"2

Then, assuming
Fn+1Fn—1 - Fr% = (*l)na

we must show that
FoF, o —F2 | =(-1)""1.



Exercises from Section 1.2.8

But
FoFy o — Fr%—l = (Fn+1 _Fn71>(Fn _anl) - Fr%—l

=Fpy1Fy— Fy 1 Fy — Fp1 Fyg + F2_ — F2_,
=l —Fy by — Fyp By
=F(Fhy1— Fro1) — Fay1 P
=F,F,—F,1F,
=F? - F,1F,
= (_1)(Fn+1Fn71 - Fg)
— (~1)(-1)"
= (-

as we needed to show. O

Proposition. F, ., = Fi,Fy1 + F—1F, for negative n.

Proof. Let n and m be arbitrary integers such that n is negative and m is nonnegative.
We must show that
Fn+m = Fan+1 + Fp1 .

In the case that n = —1,
Foim=Fna1=F,Fo+F, 1F 1;
and in the case that n = —2,
Foym=Fn—Fn1=F,F 1+ F, 1F 2.

Then, assuming
Fn+m :Fan+1 + Fn1Fy

we must show that
Fn+m—1 = Fan + Fm—an—1~

But
Fn+m—1 - Fn—i-m+1 - Fn+m
:Fan+2+Fm—1Fn+1 _Fan-',-l _Fm—an
= Fm(Fn+2 - Fn+1) + mel(FnJrl - Fn)
=FpFy+ Fo1Fay
as we needed to show. O

Proposition. F,, = % (gi)" - (ﬁ") for negative n.

Proof. Let n be an arbitrary negative integer. We must show that

Fn:%(q{)n_én)



Exercises from Section 1.2.8

In the case that n = —1,

—4v5
4

2(1 —21+\f)>

1+\f 1—+/5)

2

5
1

=z

_1

NG

1

\/S<1+\f 1— 5)
1 1+f 1—\/5 o
RV

_ 1
NG

(o719

and in the case that n = —2,

F o=-1
-5
5
_ b
V5
_ 1 (46— 2{ 6+2\/)
V5
7 (o )
T V5\6+2v5 6- 2f
1
\/5<1+\/ (1-5 5)2>
1 +f 1— h
VG
1 2 2
%@) -972).

Then, assuming

we must show that
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But

anlenJrl_Fn

) )

= (ot — g ar)

= (o)

== (-1 = (9-1) )

= % ((6* =)ot = (62~ 0)d")
1

L)o@ -8 i)

(
o[ E) gt (- 8) g
(7))

o))
afeo259))
- (-5
-2
(i)
o)

as we needed to show.

Proposition. F,, # % rounded to the nearest integer for negative n.

10
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Proof. Consider n = —1. Then F_; = 1 but since v/5 > 2,

g _ 2 1
V6 1+6V5
2
S VE+5
< 2
245
_2
T
rounded to the nearest integer is 0. O

10. [15] Is ¢™/+/5 greater than F), or less than F,?
From Eq. (14),

F= = (037,

if and only if

That is, % is greater than F;,, when

LA — " >0

V5
and less than F),, when negative. Since

VE>1 <= 1-v5<0

—

— ¢<0,

we have that q/A)" > 0 when n is even, negative when odd. That is

, % is greater than F;, when n
is even, less than F,, when n is odd.

11. [M20] Show that ¢™ = F,,¢ + F,,_1 and ¢" = Fodp + F,_1, for all integers n.
We show both identities.

Proposition. ¢" = F,¢+ F,,_1.
Proof. Let n be an arbitrary integer. We must show that
(bn :Fn¢+Fn—1-

We divide the proof into two cases: n nonnegative, or n nonpositive.
In the case that n is nonnegative, if n = 0,

' =1=0+1=Fod+ F_y;
and if n =1,
Pt =¢+0=Fo+ F.
Then, assuming
" =Fnp+ Fn

11
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we must show that
¢n+1 — Fn+1¢+Fn~

But
1 = g
:¢(Fn¢+Fn—1)
= n¢2+Fn—l¢

=F,(¢+1)+ F,_10
=F, 0+ F,_1¢0+ F,
=(F,+F,-1)9+F,
= Fp110 + Fy.

In the case that n is nonpositive, if n = 0,

' =1=0+1=Fod+ F_;
and if n = —1,

¢)71 = d) —_ 1 = F_1¢+F_2.

Then, assuming
" = Fnp+ Fu

we must show that
"' =Fy_ 10+ F,_.

But
ot = G lgn

= ¢ " (Fu¢+ Frq)
=F,+F, 19"

=F, 10 "+ F,
=F1(p—-1)+F,
=Fo 10+ F,—Fh
=Fh 10+ Fha.

Therefore,
6" = Fu+ Fys

for all integers n as we needed to show. O

Proposition. (ﬁ” = Fn(ﬁ + F,_1.
Proof. Let n be an arbitrary integer. We must show that
¢" = Fd + Fo1.
We divide the proof into two cases: n nonnegative, or n nonpositive.

In the case that n is nonnegative, if n = 0,
P =1=0+1=Fyp+F_q;

and if n =1, . R R
¢'=0+0="Fo+F.
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Then, assuming . .
(bn = Fn(yb +Fh 1

we must show that R R
¢n+1 = FnJrl(b + Fn

But

¢t = on
-5(aie )
= F,¢* + Fy_19
= Fu (64+1) + Fuad
= Fup+ Fuo16+ F,
= (Fo+Fp_1)¢+F,
= Fyi16+ Fy.

In the case that n is nonpositive, if n = 0,

P =1=0+1=Fyo+ F_q;
and if n = —1, R R
¢_1 = (b — 1 = F71¢+F72.

Then, assuming . .
" =Fnp+ Fua

we must show that

¢n—1 = —anl¢E + Fh_a.
But

s
||
S

"
¢! ( Fotp+ Fo 1)
= F,+ F,_1¢~?
=F,1¢6 ' +F,
=Fn ((ZB* 1) +F,
=Fy 10+ F,— Fy
=Fo16+ Fra.

Therefore, . .
¢n = Fn¢ + Fn—l

for all integers n as we needed to show.

» 12. [M26] The “second order” Fibonacci sequence is defined by the rule
Fo =0, Fi1=1, Fni2 = Fng1 + Fn + Fo.

Express F,, in terms of F,, and F,, 1. [Hint: Use generating functions.|
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Let
=Y Fai"=Fot+ Fiz+ P2+,

= Fu"=Fo+ Fiz+ P2+,

and note that
Fn:fn+2_Fn+1_fn~

Then
z) = Z]:nz”H =Foz+ Fiz22 + FaB 4+ -+,

= Z.Fnzn+2 =Fo 2+ P2+ Pt 4 )

and

(1—2-22)G(2) = Fo+ (Fi = Fo)z + Y _(Fn — Fne1 — Fa2)2"

n>2
=Fo+ (Fi—Fo)z+ (Fa— F1 — Fo)2” +
=042+ Fyz? +---

From Eq. (11)

if and only if by definition and from Eq. (17)
G(2) = G(2) + 2G*(2)

1 2
ZFnzn+zZ(2(nI)Fn+5nFn_1>Z
2
= ZFn-i-lZ +1+Z( F + 5nFn 1) et
—Z( n+1+ 1)Fn+5nFn1) 2"
2 n
_Z<F +=(n— )Fn1+5(n—1)Fn2>z :

But

1 2
Fn + 5 (TL - 2) Fn—l + g(n - 1)Fn_2

n—2 2n — 2
= n—1+Fn—2 n—1 Fn—2
n+3 2n+3
= 5 Foo1+ Fr o
2n+ 3 2n+3 n
= TFn—l + 5 Fn—2 - an—l
2
_ n+3Fn nFn )
5 5
5 5 5
3n+3 n
= F,—=F,
5 50t
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That is A
n n
= F,— —F,y1.

Fr
! 5 5

» 13. [M22] Express the following sequences in terms of the Fibonacci numbers, when r, s, and ¢ are given
constants.

a) ag =T, a] = 8; Gpt2 = Apt1 + a, for n > 0.
b) b() :0, bl = 1, bn+2 :bn+1+bn+c, for TLZO
We may express the sequences in terms of the Fibonacci numbers.

a) Allowing for negative n so that F_; = 1, we can express a, in terms of the Fibonacci
numbers as

ag=1r=sFky+rF_4
a1 = s=sF +1rF,
ag = a1 +a0:sF1 +7’F0+5F0+T‘F_1 :5F2+T‘F1

and in general for n > 0 as
a, = sk, +rF,_1.

We may prove this by induction. In the case that n = 0, agp = sFy + rF_1; and in the
case that n = 1, a; = sFy + rFy. Then, assuming a,, = sF,, + rF,_1, we must show that
Gn+1 = sFp41 +7F,. But

An+1 = Qn +ap—1
=sk,+rF,_1+sF,_1+rF,_o
=s(Fn+ Fpq) +7(Fpo1 + Foos)
=sF,41 +1F,

and hence the result.
b) We can express b, in terms of the Fibonacci numbers by first analyzing the derivative

sequence b, = b, + ¢ as

b=by+c=0+c=c
bi=bi+c=1+c

byro =bpyo+c=bpy1+by+c+c=0b, ., +0b,.

From (a) we have that
b, =1+ c)F, +cF,_1

if and only if
bp=(1+c¢)F,+cF,_1 —c

for n > 0.

14. [M28] Let m be a fixed positive integer. Find a,,, given that

ag =0, a = 1; Unpt2 = Qpt1 + Gp + (Z), for n > 0.
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First, we note that for nonnegative integers n > 0

Fo= > (n—Z—l)’

0<k<n—1

which may be shown using induction, since

and

and assuming

implies

F%+l =F,+F,_

—1t (or)*
N n—k—1
0<k<n—2
k+1
=1
* Z <n—k—1>
0<k<n—2
k
=1
- Z 65
1<k<n-—1
k 0
:]_ —
2 65)-6)
0<k<n—1
k
=1
2 65
0<k<n—1

Il

_

+

Bl g\ o
[
5
N~

|

—_

= 2 (n—klﬁkz—l)'

0<k<n—1+1

Second, we note that for nonnegative integers m,n > 0

Z n+k B n+k+1
m—k m—-—k—1
0<k<m

)= ()

(14.1)

(14.2)

16
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which may be shown using induction, since

(6) - (") =1-0=1=(5)
(5) - (") () - (0 ) =remr=n= ()
S G-I =G

including the induction basis (nf;ld) = (nflfzilﬂ)) = (:;11), implies

Y () -Gnsh)

(e R Gnat)
() - O ) - 2 (G ) - (as)
() -0) - 2 () - (i)
a-o+ 3 ((,100) - (0 5)
()= 2 () - (R E)
(i) - Gis)

SO (s B CRsA B G B GRS )
(Gt -GE)) - 2 (05 -G5E))

2 (GG (L - (LR
)+ (")

<m11>'

Finally, we claim that

and

and assuming

n+k
Ay = m+n+1+Fn_ Z (m—k)

0<k<m
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In the case that n =0,

a0:O
k
=Lmy1 — Z ( ) from (14.1)
0<k<m-+1-1 m+l—k—1
k
“Fui= 3 ()
0<k<m
0+k
—Fpt0- Y ( )
0<k<m m—k
0+ k
—FaatR- 3 (0L
0<k<m m—k
and in the case that n =1,
a1:1
=F+0
1+k
=Fy + Frqo — < > from (14.1)
* OSM{;HH m+2—(1+k) —1
1+k
=Fni2+ F1 — Z ( )
—1<k<m m—k
1+k 0
" 1 O<%<:m <m_k) (m+1>
1+k
=Fpyo+F — Z ( )—0
0<k<m m—k
1+k
=Fpio+ F1 — Z ( )
0<k<m m—k

Then, assuming
n+k
Ay = m+n+1+Fn_ Z <mk)7
0<k<m

we must show that

n+k+1
an+1 = Fm+n+2 + Fn+1 - § ( )
0<k<m
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But

n—1
Ap+1 = Qp +anp—1 +
m

n+k n+k—-1 n—1
e (s () ()

0<k<m 0<k<m

n+k n+k—1 n—1
= m+n+2+Fn+1_ ( ) ( )+( )
0<k<m 0<k<m m—k m
n+k n+k—1
= m+n+2+Fn+1 _k
0<k< m
n—1+k n—1+k+1
+ 3 (W50 (m H))
0<k<m
n+k—1 n+k n+k—1 n+k
= F - -
matrens 5 (50050 - (05 - (G5E)

0<k<m

n+k n+k
= Fogny2 +Fopr — (( ) ( kl))
0<k<m m
(n

+/€—|—1>

from (14.2)

— I'm+4n+2 + Fn+1 -
0<k<m

and hence the result.

15. [M22] Let f(n) and g(n) be arbitrary functions, and for n > 0 let

ag = 0, a; =1, Ant2 = Gni1 + an + f(0);
bo =0, bl =1, bn+2 = bn+1 + bn + g(n);
co = 0, c1 = 1, Cn+2 = Cn+1 + ¢y —l-l'f(n) + yg(n)

Express ¢, in terms of x, y, an,, by, and F,.

We first prove two corollaries.

Proposition. a, = F,, + Zlgkgnfl Fpf(n—k-1).
Proof. Let f(n) be an arbitrary function and a,, defined as
an+2 = Gp1 + ay + f(0)

for n > 0 with a1 = 1 and ag = 0. We will show that

an=F,+ Y, Fpf(n—k-1). (15.1)

1<k<n—1

In the case that n =0,

ag=0=Fy+ Z Fpf(n—k—1);

1<k<-1

and in the case that n =1,

a=1=F+ Y Ff(n—k-1).
1<k<0
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Then, assuming

an=Fp+ Y  Fef(n—k-1)

1<k<n-1

we must show that

But

an+1:Fn+1+ Z ka(n_k)
1<k<n

An+1

=ap+apn_1+ f(n—1)
=F,+ 2: Fefn—k—1)+F,_1 + 2: Fef(n—k—=2)+ f(n—1)

1<k<n—1 1<k<n-—2
=Fot+Foa+fin—1)+ > Ffln—k-1)+ > Ffn—k-2)
1<k<n-1 1<k<n—2
=Foa+fn—-1)+ Y, Ffln—k-1)+ Y Ff(n—k-2)
1<k<n-—1 1<k<n-—2
=Fopi+fln—1)+ > Feaf(n—k)+ Y Feaof(n—F)
2<k<n 3<k<n
=Fopi+fn—1)+ > Feaf(n—k)+ Y Feaof(n—k)
2<k<n 2<k<n
=Fui+fn—1)+ E:(F#J+Eﬁﬁfmfk)
2<k<n
=Fo +f(n=1+ Y Fef(n—k)
2<k<n
- n+1+ Z Fk.f(n_k)
1<k<n

and hence the result.

Proposition. ¢, = F,, + ) ;.1 Frf(n —

Proof. Let f(n) and g(n) be arbitrary functions; and a,, b,, ¢, defined as

apg = O, a; = 1, On+2 = Gpt1 + Gn + f('fl),
bo =0, bl =1, bn+2 = bn+1 + bn +g(n);
co = O, c1 = 1, Cpt+2 = Cnt1 +Cp + {L'f(n) + yg(n)

We will show that

cn=F,+z Y Ffln—k-1)+y >  Fgh—k-1).

1<k<n—1

In the case that n =0,

and in the case that n =1,

1<k<n—1

a=1=F+z Y Ffin—k-1)+y > Fpf(n—k-1).

1<k<0

1<k<0

k=1)+y>cpen—1 Frgln —k —1).

(15.2)

20
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Then, assuming

ecn=F,+x Z Fpfln—k—-1)+y Z Frgln—k—1)

1<k<n—1 1<k<n—1

we must show that

Cni1=Fpi1+a Z Fp.f(n—k)+vy Z Frg(n — k).
1<k<n 1<k<n

But
Cn+1
:Cn+cn71+xf(n_1)+yg(n_1)
=F,+z Y, Ffln-k-1+y Y Fgn—k-1)

1<k<n—1 1<k<n—1
+Fitz Y. Ffn—k—-2+y > Figln—k-2)
1<k<n—2 1<k<n—2

+xf(n—1)+yg(n—1)
=Fup1taf(n—1) +ygn—1)

+x Z Frfln—k—1)+y Z Frgln —k—1)

1<k<n-—1 1<k<n-—-1
tx > Ffln—k-2+y > Fgh—k-2)
1<k<n—2 1<k<n—2

=Fp+af(n—1)+yg(n—1)

+x Z Fpaf(n—k)+y Z F19(n — k)

2<k<n 2<k<n
4+ Z Fr of(n—k)+y Z Fr_og(n—k)
3<k<n 3<k<n

= +af(n—1)+yg(n—1)

+x Z Fpaf(n—k)+y Z F19(n — k)

2<k<n 2<k<n
tx > Fuaf(n—k)+y Y Fiagn—k)
2<k<n 2<k<n

=Fu1taf(n—1) +ygn—1)

+xz Z (Fr—1+ Fr—2) f(n — k)

2<k<n
+y Z (F—1+ Fr—2) g(n — k)
2<k<n
R tafn- ) tygn-D+e Y Ffi-B+y S Figln—H)
2<k<n 2<k<n
=Fptz Yy Fufln—k)+y Y Figln—Fk)
1<k<n 1<k<n

and hence the result.

21
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We then solve for ¢,, as

en=F,+x Z Fr.fin—k—-1)+y Z Frg(n—k—1) from (15.2)
1<k<n—1 1<k<n—1
=F,+z(a,—F,)+y(b, — F,) from (15.1)

=za, +yb, + (1 —z —y)F,.

» 16. [M20] Fibonacci numbers appear implicitly in Pascal’s triangle if it is viewed from the right angle.
Show that the following sum of binomial coefficients is a Fibonacci number:

We may prove that the sum is a Fibonacci number.

Proposition. Zogkgn (";k) =Fhi1.

Proof. Let n be an arbitrary nonnegative integer such that n > 0. We must show that

5 (nkk) o

0<k<n

e RHEEEE

and in the case that n =1,

os%l(lzk):(é)*(?):lm:g.

Z (nkk) = Iy,

0<k<n

Z (TL—F;—]C) :Fn+2.

0<k<n+1

In the case that n =0,

Then, assuming

we must show that
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But
k
0<k<n+1
0 n+1-—k
()= 2 ()
0<k<n
N k
0<k<n
-2 () G2)
0shen k k—1
B n—=~k (n—1)—(k—-1)
-2 () x (MR
0<k<n 0<k<n
(n—1)—(k—1)
:Fn—i-l“r Z ( E—1
0<k<n
n—1—k
= n+1+ Z ( k )
—1<k<n-1
n n—1-—k
= n+1+(_1)+ Z < 3 >
0<k<n—1
n—1—%k
= n+1+ Z ( k >
0<k<n—1
= n+1+Fn
= L'n42
as we needed to show. O

23

17. [M24] Using the conventions of exercise 8, prove the following generalization of Eq. (4): Fp4rxFm—r —

FoFp = (=1)"Fpy_p_ F.

We may prove the generalization, but first, a corollary.

Proposition. (z"tF —yntk)(zm—k —ym=k) _ (27 —ym) (2™ —y™) = (zy)"(a™ "k —

ym—n—k)(‘rk _ yk)

Proof. Let x,y be arbitrary reals and m,n, k arbitrary integers. We must show that
(:L,n-&-k _ yn—&-k)(l,m—k _ ym—k) _ (.T" _ y")(mm o ym> (17 1)

_ (xy)n(xm—n—k _ ym—n—k)(xk _ yk).

But
(2" F =y Y (@ — R — (@ =y (2™ — ™)
_ (l,y)n((xky—n o x—nyk)(xm—n—ky—n _ x—nym—n—k)
_ (y—n _ x—n)(xm—ny—n _ x—nym—n»
_ _xm—kyn—&-k _ xn—‘—kym—k 4 xmyn + xnym,
_ (l,y)n(_xmfnfkyk _ xkymfnfk LM ymfn)
m—

= (zy)" (@™ "R —ym TRy (P — )

and hence the result. O
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Finally, the proof.

Proposition. F,pFn_r — FnFm = (—1)"Fr—n—iF.

Proof. Let m, n, k be arbitrary integers, and allow for negative indexed Fibonacci
numbers so that F_,, = (—1)""1F,,. We must show that

Fn-i—ka—k: - B F, = (_1)nFm—n—ka-

But since ¢" = (1 — ¢)" = —¢p™ ",

FnJrkafk: _FnFm

= (o drt) (o ) = o2 (o ) 2 (o )
() () )

= \/152 (qﬁq@)n ((b’”_"_k - q}m—”_k) ((/)k - qu) from (17.1)
() gl ()

(_1>nFm—n—k:Fk

as we needed to show. O
18. [20] Is F? + F?2,, always a Fibonacci number?

Yes, Fb,+1, as shown below.

Proposition. F? + F2, | = Fony1.
Proof. Let n be an arbitrary nonnegative integer. We must show that
F2+ F2. = Fopir.

In the case that n = 0,
F§4+F=0+1=1=F;

and in the case that n =1,
F24+Fj=1+1=2=F;.

Then, assuming
FI+Fl =Fopq.

we must show that
Fl o+ F2 = Fonys.

24
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But

F72L+1 +F’r%+2 = (Fn"‘anl)?"’(FnJrl +Fn)2
= F242F,Fp 1+ F2_, + F2 | +2F, 1, F, + F?
= F? | 4 F24+ F2+ F2, | +2F,F,_y + 2F, 41 F,
=Fyn 1+ Fonp1 +2F,F, 1 +2F, 1 F,
=Fop1+ Fopny1 +2F, Fo1 + 2(Fgn — Frnq F)  from Eq. (6)
— Fon1 + Fons1 + 2FyF_1 + 2F, — 2F, 1 F,
= Fon—1+ Fopy1 + 2F,
= Fony1 + Fon + Fopga
= Fonyo+ Fongt

== F27L+3

as we needed to show.
» 19. [M27] What is cos 36°7?

We have that
1++5

4 )
derived as follows. From the double angle formulas we have that

cos 36° =

cos 72° = cos(2 - 36°)
=2c0s?36° — 1

and

cos 36° = cos(2 - 18°)

=1—2sin?18°
=1 —2sin?(90° — 72°)
=1—2cos?72°.

That is, that

€osT2° 4 cos36° = 2c0s236° — 1+ 1 — 2cos? 72°
= 2 (cos® 36° — cos® 72°)

if and only if

2 (C082 36° — cos? 720)
cos 72° + cos 36°
2 (cos 36° — cos 72°) (cos? 72° + cos 36°)
€08 72° + cos 36°
= 2(cos36° — cos 72°)
= 208 36° — 2cos 72°
= 2c0s36° — 2 (2cos*36° — 1)
= 2¢0836° — 4 cos? 36° + 2;
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or equivalently that
2c0836° 4+ 1 = (2cos 36°).

And so, in terms of the golden ratio, since 2 cos 36° = ¢,

cos 36°

1
53¢
1+

and hence the result.
20. [M16] Express Y., _, Fi in terms of Fibonacci numbers.
We have that

n
> Fi=Fopz— 1,
k=0

as shown here. In the case that n = 0,

0
Y Fi=Fy=0=1-1=F—1

k=0
Then, assuming
n
> Fi=Foa—1
k=0
we must show that
n+1
Z Fy=Fn3— 1
k=0
But
n+1 n

ZFk = ZFk + Fop1
k=0 k=0

- n+2_1+Fn+1

= n+3_1

and hence the result.
21. [M25] What is ZZ:O a7

We have that - 4o
28 Fnoada? TEe p g2 4o ]

n
§ k _ r24r—1
Fkx — {n—!—l—m"Fn_H
k=0

2z+1

otherwise

as shown here. First we consider the case that 22 + 2 # 1. For n = 0,

0
0 0— 3 2F, —

prs 2rr—1 2tax-1  a2ta-1

Then, assuming

9

- A" F, .+ 2" PE, — o
Z Fye™ = ?2+z—1
k=0

26
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we must show that
n+1 2 3
k xn+ F‘n+2+xnJr Fn+l -
Fkx = .

2+z—1

k=0
But

n+1

Z Fkl‘k
k=0

n
= Fn+1$n+1 + Z Fkl‘k
k=0
z”*an_i_l +2"?F, — ¢
2 +x—1
(22 + 2 —1)F, 2™t 2"PE L 4+ 2" P2, — 2
o R A | 224+x—1
"B, + a2 F, - 2" F, 2"t E, 4+ 2" PE, — 2
22+r—1 + 2 +x—1
a3 E, o+ a2 F g — 2", 2T, + a2, 2
24+x—1
2" P2F, o+ a2, + 2",
x?24+r—1
"2 (Fy + Fy) + 2" BF, —2
2+x—1
a2, o+ a3, — 2
R A | '

n+1 4

= Fpp

n+1

)

Last we consider the case that 22 + x = 1. Note that in general since 2”2 = 2" — x
1=2a"F, + 2" F,, (21.1)
since 1 =1+0=aF +2'Fyand 1 = 2"F,,;1 + 2" F, = 1 = 2" "' F, o + 2""2F,,; as

33”+1Fn+2 + anr2F‘n-i-l = anrlF‘n-i-Q + (xn - xn+1) Fr
— $n+1Fn+2 —+ l’nFn+1 — $n+1Fn+1
= an+1Fn+2 — In+1Fn+1 + l‘nFn+1
= xn—i-l (Fn+2 — Fn+1) + J)nFn+1
= anran —+ .’En n+1
=2"Fyp1 + 2" F,
=1

Again, considering the case that 22 +z = 1, for n = 0,

1—-1 _].—F1_0+1—{I?0F1
2¢+1 22+1 2241

0
> Fpat=Fpa®=0=
k=0

Then, assuming

P 2v +1 ’
we must show that )
S Fat = 2
F 2z + 1
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But in this case,

n+1

Z Fk{L‘k
k=0

= Fon"+1 + Z F.z®
k=0
n+1—a"F,4
20+ 1
2z + 1) E,p12™™ n4+1—a"F,
2+ 1 2¢ + 1
20F, 12"+ Fp2™tt n41—a"F,
2z +1 2x + 1
2F, 12"+ F ™™ 4 n+ 1 —a"F
20+ 1
n+2+2F, 12" 4+ F, 2"t — 1 —a"F,
2+ 1
n+2+2F, (2" — 2" + F 2™t — 1 —2"F,
20 +1
N4 24 2F 2" — 2Fp 12 4 Foqa™ — 1 — g Fy
2¢ + 1
n+2— (2", — Fopa™ +1)
20+ 1
_ 42— (@M F - Fapa® + 2" Fug + 2" E,) from (21.1)
20+ 1
n+2— (2", + 2" F,)
20+ 1
n+2— e (Fopy + Fp)
2¢ +1
n+2—z"tE,
20+ 1

= Fn+1xn+1 +

Hence the result in either case.

» 22. [M20] Show that Y, (})Fm+k is a Fibonacci number.
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We have, by the binomial theorem, and since 1 + ¢ = ¢ and 1 + ¢ = ¢2,

SRRETAR .

23. [M23] Generalizing the preceding exercise, show that ), (Z)Ftht”:lkaJrk is always a Fibonacci
number.

First, a corollary.

Proposition. F,¢+ F,_1 = ¢" and F,¢+ F_1 = ¢™.

Proof. Let n be an arbitrary, nonnegative integer. We must show that both
Fo,o+F1=0¢" (23.1)

and R .
Fop+F,_q =" (23.2)

In the case that n =1,
Fig+Fi1=F¢+F=9¢0+0=¢=09"
and in the case that n = 2,
Fp+F=Fo+Fi=¢+1=¢"

Then, assuming
Fn¢ + = ¢n

we must show that
Fop19+ F, = ¢t

But
Fn+1¢+Fn:(Fn+Fn—1)¢+Fn—l+F—2
= n¢+Fn71+Fn71¢+Fn72
:¢n+¢n71

— ¢n+1
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and hence the result for ¢. The result for qS follows similarly as F* 1¢+F1 1= ¢+F0 =
¢+0 == éf’l Fop+Foy =Fodp+Fi=¢+1=4¢%and Fup + Fyy = " =
n+1¢ + F, = ¢"+1 since
Fos10+ Fp = (Fy+ Fol1) ¢+ Fuot + Fun
= n(i_‘_Fn—l +Fn—1$+Fn—2
_ an + qgn—l

n 1
=",

as we needed to show. O

Then we have, by the binomial theorem, and by both (23.1) and (23.2),

5 (2)rert = 3 (et L (oo~

k k

— =S () (ot - i)
k

_ % <¢m Z (Z) T ) o Z (:) d;kFthtnlk>
k k
e m Qe () )
= % (¢m (Fip+ Fyoq)" — o™ (thb + Fy_ 1)n)
1 no oA A\ M

1 -1 0 0 0 0 O
1 1 -1 0 0 0 O
0 1 1 -1 0 0 O
0 O 0 0 1 1 -1
0 0 0 0 01 1
Given
1 ifi=3j
1 ifi=45+1
Q5 = e .
-1 ifj=i+1

0 otherwise

we want to find det[a;;],. In the case that n =1,

det[aij]l = [1] =1= F2 = F1+1;

30
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and in the case that n = 2,

1 -1
detlai ]2 = [1 1} =1-1—-(-1)-1=141=2=F3 = Fpy;.
Then, assuming
det[aij]n = L'n+1
we need to show that
det[aijlnt1 = Frio
But
det[a;j]ln+1 = Z ay; - cofactor(as ;)
1<j<n+1

= aq; - cofactor(air) + a1 - cofactor(azs) + Z as; - cofactor(as ;)
3<j<n+1

= cofactor(ay1) — cofactor(aiz) + 0
= (=1)""* det minor([a], 41, 1,1) — (—1)'"2 det minor([a],4 1,1, 2)

= det minor([a]n1, 1, 1) + det minor([aln41, 1, 2).

Note that minor([a],+1,1,1) preserves symmetry about the diagonal so that
minor([alp+1,1,1) = [a]n; (24.1)

and for

0 otherwise

) {ai]— ifi£2Vj#1
a . = ,

that det minor([a],+1,1,2) can be expanded further as
det minor([a], 41, 1,2) = det[a'],,
= Z a;, - cofactor(aj;)
1<i<n

= a}, - cofactor(al;) + E a;, - cofactor(al;)
2<i<n

= ay; - cofactor(aj;) + 0

cofactor(a);)
= (=1)**! det minor([a’]),,, 1, 1)
= det[a]n—1;

that is, that
det minor([a],+1,1,2) = det[a),—1. (24.2)

And so,
detlai;]n+1 = det minor([a},+1, 1, 1) + det minor([a],+1,1,2)
= det[a],, + det minor([a],+1,1,2) by (24.1)
= det[a],, + det[a],—1 by (24.2)
= L'nt1 + Fn

= LI'n+2

and hence the result,
det[aij]n = L'p+1-
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25. [M21] Show that

2"F, =2 ( )5““ b/

k odd

Proposition. 2"F, =23, .. (1)5+~1/2,

Proof. Let n be an arbitrary, nonnegative integer. We must show that

2"F, —22()““

k odd
But
1 n n
Fn = ﬁ <¢) - ¢ )
1+v5)  [1-v5\"
R
— 2"\BF, = (1 n \/S)n - (1 - \/E)n
" B 1 n n
— 2 anﬁ(<1+\/5> —(17\/5) )
Therefore
n 1 "
2 an—5((1+f) ( \/5) )
= % (Z ( >5k/2 (Z) 5k/2>
k k
n _
:Zk:(k>5<k /2 _ (k> kg (k=1)/2
S ( >5<k 1)/2+ > ( )5<k by
k even k odd
_ Z <n>(_1)k5(k—1)/2_ Z (n>(_1)k5(k—l)/2
k even k k odd k
_ Z (Z>5k1)/2+ Z <Z>5(k1)/2
k even k odd
_ Z (”>5k n/2 4 Z < )5(k 1)/
k even k k odd
-3 (e 3 (1)t
k odd k k odd
=2y (n)5(’“ v/
k odd k
as we needed to show. O]

» 26. [M20] Using the previous exercise, show that Fj, = 57~1/2 (modulo p) if p is an odd prime.

Proposition. F, = 5P=1/2 (mod p) if p is an odd prime.

32
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Proof. Let p be an arbitrary odd prime so that p > 2. We must show that
F,=5%"Y/2 (mod p).
By Fermat’s theorem, Theorem 1.2.4-F,
2P =2 (mod p) = 1=2"' (mod p).
Then, by exercise 25,

WE, =2 (12)5(’“1)/2.

k odd
And so
?E, =272 ) (Z) 5=1/2 (mod p)
k odd
= W= <z)5<k1>/2 (mod p)
k odd
= F,= Z <£) 5k=D/2 (mod p).
k odd
Then

Fe Y (2)se

k odd

E(§>5(p—1)/2+ 3 (Z>5(k—1>/2

1<k<p—1
k odd

_ 50-1)/2 P\ g(h-1)/2
+ ) .

1<k<p-—-1
k odd

=50F-D/2 19 by exercise 1.2.6-10(b)
=5rP=D/2 (mod p)
as we needed to show. O

27. [M20] Using the previous exercise, show that if p is a prime different from 5, then either F,_; or Fj,14
(not both) is a multiple of p.

Proposition. If p is a prime different from 5, then either p | Fp_q1 orp | Fpp1 (exclu-
siwely).

Proof. Let p be an arbitrary prime different from 5. We must show that
Pl Fpr or p|Fpn

(exclusively). In the case that p = 2,
2| Foy1 and 24 Fp 4

since k2 = Fpy1 = F3 =2 for k=1but 2 > 1= F; = F,_;. Hereafter, we consider the
case that p is an odd prime different from 5. By Eq. (4),

Fpi1Fy1 — Fy = (=1)?
= FpnF,1—-F =-1
= FpaF, 1 =F -1
= Fy1F,.1=F, -1 (modp).



Exercises from Section 1.2.8

From the previous exercise,
E,=57"Y/2" (mod p)
2 _ gp—1
— I, =5 (mod p)
2 — gp—1 .
= F;-1=5"" -1 (modp);

and by Fermat’s theorem, Theorem 1.2.4-F,
5 =5 (mod p)
«— 57'=1 (mod p)
— 51 -1=0 (mod p).

And so,
FyFp1=F2 -1
=511
=0 (mod p).
That is, that
plFp-1 or plFpr
To see that this is exclusive, consider the case that p | F,_1. Then F,,_; = mp for some
m. If we assume Fj; = np for some n,
Fpi1=Fp+ Fpo1 = Fp +mp = np,
then p | F),. But by Fermat’s theorem, again,
59 =5 (mod p)
«— 57'=1 (mod p)
— 5P N/2=1 (mod p),

and from the previous exercise
E,= 5(P—1)/2
=1 (mod p),

contradicting the assumption Fj, 1 = np, so that pt F,41 if p | F,,—1. Similarly, consider
the case that p | F,,11. Then F,1 = np for some n. If we assume Fj,_; = mp for some
m,

F,1=—-F,+F,11 = —F,+mp=np,

then p | F),. But as with the previous case,

F,=1 (mod p)

contradicting the assumption F,_1 = mp, so that p{ F,_; if p | Fp41. This is what we
needed to show. O

28. [M21] What is F,11 — ¢F,?
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We have
1 n n 1 n n
Fupi = 0F, = —= (6771 =" ) =62 (o7 - 47)

1 n n n n

= (o7 =t —00m 1067
1 n n n n 7

= (o7 =0t 4 80— 376)
1 n

=75 (044" (9-9))

_An¢_A

=¢ \/3

(145 1B 1

=¢ 2 2 V5
w1l V5 1 VB) 1

=@ <2+2_2+2>\/5
(V5 V5 1

=¢ <2+2> ;
-, 2v5 1

BRI

:dﬂg

_ o

» 29. [M23] (Fibonomial coefficients.) Edouard Lucas defined the quantities

k
<’I’l) _ F.F, 1 -~-Fn—k+1 _ H (Fn—k—i-j)
k), FpFea.. . Fi F

j=1

35

in a manner analogous to binomial coefficients. (a) Make a table of () . for 0 <k <n < 6. (b) Show that

(Z) » Is always an integer because we have

n n—1 n—1
= Fj_ F,_ .
(k); A", )ﬁ ’““(k—l);

a) The table of Fibonomial coefficients (}) 5 for 0 <k <n <6 would appear as below.

n @ W Gy G G B @
0 1 0 0 0 0 0 0
11 1 0 0 0 0 0
2 1 1 1 0 0 0 0
3 1 2 2 1 0 0 0
4 1 3 6 3 1 0 0
5 1 5 15 15 5 1 0
6 1 8 40 60 40 8 1
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This is based on the observations that

n) H Fo_o4j
— —n0% g,
<O Foagjze 19
(n) = 11 ooy B0 _p
1) - <<t F; F
Fyor: F, . F,
(n) - H = = ot = nlen;
2)r AL F R
an ] an an Fn 1
), AL TR F 5 B 2
Fo_4y; Fo, 3F, o F, 1F, 1
(n) - - - : : - - = 7Fn—3Fn—2Fn—an7
Y N F F s Fi 6
(n) _ Fy_ 54 _ Fog Frg Fo Froy I
5)r Zies Fr F, F3 Fy F5
1
= %Fn—4Fn—3Fn—2Fn—1Fna and
(71) _ F_64j _ FosFoaFrosFaolnaFy
6)r Zize i Bk, F3 Fy F5 Fg
1
= 2f40F‘TL—&')F‘n—4F‘n—?)}Fn—2F‘n—1F‘n-
b) We may show that (}) . is always an integer by proving the recursive relation below.

Proposition. (}) . = Fr1(",") 5 + Fa-kt1 (Zj)f

Proof. We must show that

n n—1 n—1
:Fk—1< ) +Fn—k+1< )
<k>]-' k) k=1)7

36
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for 1 <k <n. But

Fn—k+j

_ F;
1<j<k

B Ey g+ B P H Fr gy

Frktk 1<j<k Fj

 Fy kP14 Fy g1 Fy H Foryj

Fn 1w B
I Fonktj | Fonrt1Fg H Fr kg
Foogian 9 Foogae 9
Fi, 4 Fn—k-i—j Fy Fn—k-i-j
= Fn—k + Fn—k-&-li H
r, 1l 7F F, 11 75
1<5<k 1<j<k
- Fr_q Fr ki1 gt
r B [ B B
" o<kl J—1 1<j<k—1 J
Frq Fullocjcr Pkt Fr gy
[ocj<r Fr—ktj—1 Fr iy
= Fy i Fr—1 I 7 Forn ] —
1<j<k 3 1<j<k—1 J
FTL—k+1—1 H2§j§k Fn—k—i—j—l Fn—k—i—j
=Ly 0 i +Fon [
1<j<k 7 1<j<k—1 J
[Ticj<k Fr-kj—r ity
= Fyp—1 i 7 Tk 11 7
1<i<k 7 1<j<k—1 J

Fo pyj- Foryj

j—1 n—k+j

=Ry JT P B [ T
1<j<k J 1<j<k-1 J

—ho [ B ap e T

. F;
1<j<k

as we needed to show.

1<j<k-1

Fo 1 (k—1)+j

F;

[E. Lucas, Amer. J. Math. 1 (1878), 201-204]
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» 30. [M38] (D. Jarden, T. Motzkin.) The sequence of mth powers of Fibonacci numbers satisfies a

recurrence relation in which each term depends on the preceding m + 1 terms. Show that

}:(z>(—nW““mFgﬁ—o, if m > 0.
]_'

k

For example, when m = 3 we get the identity F? — 2F,2H_1 — 2Fﬁ+2 + Fﬁ+3 =0.

We may prove the equality as a particular case of the proof outlined by Cooper and Kennedy.!

LCurtis Cooper, and Robert E. Kennedy, Proof of a Result by Jarden by Generalizing a Proof by Carlitz, Fibonacci Quarterly

33 (1995) 304-311.
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Proposition. Y, (') (- 1)[m=Fk)/2] F:Zf@l =0 ifm>0.
Proof. Let m,n, k be arbitrary integers such that m > 0. We must show that
m _ T
Z (k) (—pfem k)/z]Fanl =0,
k F

or equivalently for n’ = n + m that

f
0<k<m
m [(m—Fk)/2] pm—
= (mk)f( 1) F (mk)_o
0<k<m
m [(m—k)/2] pm—1
— Z(mk>() Fl iy =0
0<m—k<m
— ( ) [k/2]Fm 1 =0.
0<k<

Preliminary result 30.1. From Eq. (14), we have that

F, = % (¢” ¢”) ‘Z’; = Zn (30.1)

Preliminary result 30.2. As shown in exercise 14, we may show that

Fopr= Y (n ﬁ k). (30.2)

0<k<n

In the case that n = 0,

Then assuming

we must show

k
Fn+2: Z (’I‘Lk+1>

0<k<n+1
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But

P%+2

k k
zog;nQVJJ_RKZ;A<n—k—1>

)2 G5 2 )
=1+ >

oshgn1 <<nﬁk> - <n—lZ— 1))

=1+ Y (if;)

0<k<n—1

- (n31)+ 2 <n2+1)

1<k<n

B (n—(211)+1>+1<1€2n<n—];+1>
> (ki)

1<k<n+1

=0+ >

(s-e)
1<k<nt1 VU k+1

(oten)* 2 (o)

1<k<n+1

> (0 ko)

0<k<n+1

and hence the result.

Preliminary result 30.3. We have that

Fo+Fop=¢"" 4o (30.3)

39
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since by definition and (30.1)

Fo+Fyo=F+F, - F, 1

=2F, — F,_1
IR BAE
00 o9
2" 26" —gn 4 !
- ¢— o
20" — "1 + g1 — 29"
- ¢ — o
209"t — ¢+ g — 29gn !
- ¢— 0
(26— 1)1 + (1-29) !
- ¢— ¢
(20 -1)¢" 1+ (26— 1)¢" !
- ¢ — o
(26— 1) ("1 + 1)
- ¢— o
(0-9) (6 +ém)
- ¢ — o
=¢" 4 on

Preliminary result 30.4. We have that

FoFpo—F2_ =¢" 1¢"! (30.4)
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since by definition and (30.1)

FnFn72_Fr%71:F”(Fn_Fn*1>_F"%*1
:FEL*FnFn—lng—l

:Fr%_Fn—l(Fn“‘Fn—l)
:Fs_anan+1

<¢n _ én)Q <ﬁn—l _ (;Bn_l ¢n+1 _ én—i—l

¢—9 ¢—9¢ $—9
B ¢2n _ 2¢nq§n + ¢g2n _ ¢2n + ¢n+1<5n—1 + ¢n—1q§n+1 _ ¢g2n
(6-4)
_ ¢’ﬂ+1(5n71 _ 2¢nqgn + ¢n71¢;n+1
(6-6)
(entom 1) (¢ - 209+ 6*)
A\ 2
(o-3)
(6n-1dm1) (- )
(6-6)

— (bn—lqgn—l.

Preliminary result 30.5. We may show that

T n—r n—r n-—3:s n— Sg-1 —
F; Fr_ F '3 = n—=>sg
(Fpx + Fr—1)" (Frp12 + Fy) Z ( 5 )( 5 ) < s ):1:

(30.5)
for 0 < r < n. In the case that k = 1,

(le —+ Fl_l)r (F1+1I + Fl)n—r
=z" (z+1)""
=2"(1+z)""

Il Il
S
,
PR
3
V2l
=
=
~
>

n—r e
( )xn T=S1
n—r—=s
0<n—r—s;<n—r 1
Z n—r _
xTL S1
S

0<s1<n—r

=2

Then, assuming

(Fkx + Fk_l)r (Fk+1x + Fk)n—r

n-—r n—si n— Sk_1 _
= E " Sk7
S1 52 Sk

S1,00 58

41
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we must show that

(Frp12 + Fi)" (Frqox + Frp)" "

= E (n - ’I“) (TL o 81) e (n - Sk) xn—5k+1 .
S S S
81, 3Sk+1 1 2 k+1

But for o/ =1+ 271,

-Tr

(Fpyr7 + Fr)" (Fraox + Fraq)"
=" (Fy1 + Fra™) 2" " (Fiyo + Fypz )"
& (Fi + Fr1 + Fro™ ) (Fs1 + Fi + Frpz )"

=a" (Fy + Fra™' + Fk—l) (Frg1 + Frpra™ '+ Fk)n

=" (F,(1+27") + qu)r (Frgr (1+271) + Fk)nir

a" (Fya' + Fi1)" (Frpa' + Fp)" "

n—r n— s n— Sgp_1 _
xn § . x/n Sk
. S1 52 Sk

—r

-Tr

51,70 ,Sk
- Z n—rTr n—=s; n— Skp—1 (1+ 71)77, Sk n
51 52 Sk
51,75k
_ Z n—r n—Ss n— Skg—1 <$+1)n Ska?sk
S1 52 Sk
S1, 38k
= Z (TL - T) <n - 81> L <n - skl) Z (n - 3k> N—5k=Sk+1 5k
S S S S
S1,° Sk 1 2 k Sk+1 k1
. (”—’“) (n— 31) (”—Sk JEa—
S S S
51 Skt 1 2 k+1

and hence the result.

Preliminary Result 30.6. From Eq. (1.2.6-19), we have that

(Z) = (—1)nF (_nk__kl). (30.6)

Preliminary Result 30.7. Define

N (R L.

n—7>

Then

Fin
tr (A, = Pt 307

for k > 0, where tr (B,,+1) is the trace of B,y defined as

n+1 Z bz]

0<i<n
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Note that the case k =1 is (30.2). But by (30.5),

(Fkx —+ Fk_l)r (Fk+1x —+ Fk)n—r
(n—r) (n—sl> <n—sk1> I
— Z - T
S1 S9 Sk
81, ,Sk
< (Fka:—&-Fk,l)T (Fk+1x+Fk)n7T z"

. Z n—r n—=s1\ ("= Sk-1 "
S1 52 Sk

S15° 55k

<~ Z (Fka:—&—Fk_l)r (F]H_lx—l-Fk)n_r z"
0<r<n

CELE () ()
S S
0<r<n si, 2 k

<~ Z Z Fk(E—‘y-Fk,l)T (Fk+1$+Fk)n7T z"

n>00<r<n

EE T ) (e

n>00<r<n si,,s

and since
" ( i )< ) ( L )
SR DY
n-—s n-—s n-—s
0<i<n 51,52, 1 2 k
1=81— 82— —Sk
n-—s n-—s n-—s
0<n—i<n n—si,m—S2, - ,N—Sk 1 2 k
Nn—1i=n—S]=n—S8§z=:"=N—Sk

Z (n — 7“) (n — 51)
r<n _ 51,52, ,Sk 51

n— Sp_ 1)
i= S§1=8g=-""=S8S

(s
ST Y G I G B G
ns—lr (

| /\

<r<n
1=81=82=""=S8k
B Z > (n—sl) n — Sp_ 1> S
0<r<n _ S1,52,,Sk

1=81=82="+=S}

we have that

EEE () ()

Sk
n>00<r<n s1, Sk
—g tr n+1
n>0

S Y (Rt b Bt (B 4 F) 07

n>00<r<n
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But

Z (Fkx + kal)r (Fk+1.’17 + Fk)n_T z"

0<r<n

oy () Fea) Fi=s > (n;r) (Foprz)! FPr—tgr

0<r<n 0<s<r

2. X

o<t<n—r

Z (T> (n )Fk+1Fan r— tFr fxsxfxr
S

0<r<n 0<s<r 0<t<n-—r

2. 2

r n—r
> ()( , )F,:HF;L”“F,:W“

0<r<n 0<s<r 0<t<n-—r

n=r+s+t

n=r—+s+t

n>r+s
> ()FE
r,s>0 (S)
r
F~
(o)t
r,s>0
> (0
r,s>0
> ()
S

r,s>0
> (0)ae
r,s>0

Fra* (1
s>0
ZF]?SI2S (1
s>0
ZF]?SI2S (1
s>0
ZF]?SI2S (1
s>0
ZF]?SI2S (1
s>0
ZFICQQ 2s (1
s>0

1

r n— n—r+4s—t pr— s 2"
> ()" ) am e

r n—r

Fn T— SFQSFT‘fs n

Z (5><nrs> k+1 kg1

r n —

Fn r— 5F25Fr S "

> (0 )m=

s s,.r+s n-—r n—r—s
1F2 + Z ( 5 >(Fk+1x)

n>r+s

25, .r+s n—r n—r—s,_n—r—s
e 3 (")) E

n>r+s

Ty <_1>"—T—S( el )(Fkﬂx)”"“—s by (30.6)

n—nr—s
s<n—r
—s—1 e
sF25 r+s E < ) (_FkJrl:E)n rT—s
n—r—s
0<n—r—s

1SF2S r+s (1 _ Fk+1.’£)7571

— Frpa) 7Y (

r>0

)i
— Faz) " ; ( >F
)

B FHlx)—s—lz( Feo1a)"

s<r

—s— r—s( 7S~ 1 T8
—Fk_;'_ll’) ’ 12(—1) < r—s > (Fk’—lx)
s<r
—s—1 —s—1 r—s
— Fy12) > ) CFeam)
0<r—s

—Fk+1.’17) 1(1 —kall')_s_l

k— 0 k+ x k— .
1 F 17) > (1 F ) (1 F 17)

by (30.6)
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Then

1 Fia? ’
(1 - F;H_lx) (1 - Fk_lx) Z <(1 - F;H_lx) (1 - Fk_lx))

s>0
B 1 1
(1= Fryr) (1 — Fygo Fpa?
( k1) ( k1) L- (1—Fk+1m§(1—Fk,1;v)
_ 1 (1—Fk+11‘) (I—Fk_ll‘)
(1= Fyp1z) (1 — Fy_q2) (1 = Fypz) (1 — Fy_qx) — Fia?
1
(1= Fypa2) (1 — Fyqx) — F2a?
B 1
T 1-— Fypio — F1x + Fk+1Fk,1{L‘2 — Fk2.%'2
1
1= (Feg1 + Fro1) o+ (B Fyq — F2) a2
B 1
1— ((bk + ng> T+ (Fpp1Fyo1 — F?) 22
_ 1
1— (¢k + d}k) z+ ¢k(5kx2
1

1— ¢ka — ¢hx + Phgha?
) o (1_(2;%) — o (1_¢kx)
Pk —dF (1 k) (1 _ g{skx)

_(bk_ék 1—¢kx 1_¢§km
! L1 |
_qﬁk—ék(djl—fbkﬂﬁ_gbl—(ﬁkx)

1 k E N\ Gk k"
:m ¢Z(¢I) - Z(Cbl’))

n>0 n>0

k
¢ n>0 n>0

e (T O

_ ; Z ¢kn+kmn _ Z gz7).1677.+kxn)

¢k - ék n>0 n>0
1 ~
_ _ ¢k:n+k o ¢kn+k n
o )@
¢kn+k _ qgkn-‘rk "
o = oF — d}k
¢kn+k _ ék’n—‘-k ¢ _d; .
- n>0 ¢ - (ZAS d)k - ng '

n>0

45

by (30.3)

by (30.4)
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And so,

Frntk n
Ztr (Aﬁﬂ) "t = Z kF]:kx ,

n>0 n>0

hence the result.

Preliminary Result 30.8. We may show that the eigenvalues of A, 1 are
=@/ (30.8)

for 0 <j <n. Let
DA, (2) = det(zl,1 — Apya)

be the characteristic polynomial of A, 1, where I,,4; is the (n + 1) x (n + 1) identity
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matrix. Using partial fraction decomposition we find that

piAnH(I) _ Z pi&nJrl()‘j) 1
Pan@) 2 Pa )T,

1
-y Y

— T
0<j<n

1 =z
- Z Ex—)\j

0<j<n
B 1/x
o OS]ZSn 1-\/x

> ()
0<j<nkz0 t N T

2\E
> D

0<j<n k=0

DIV

0<j<n k>0

IS DT

k>0 0<j<n

Y (Al )

k>0

Frn
=) ahotthntt by (30.7)
Fy
k>0

by (30.1)

k>0
n J

I B L (¢ >

I;) Ogj%n( ) ¢k
:Zm k—1 Z ¢Jk¢(n_])k

k>0 0<j<n

A\ Kk

B 1 (¢igni

:21 1

0<j<n 1 - d)qun—j/x

-3 1

0552n & = PO
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so that
Yoo —
xr — v -
0<j<n 0<j<n
= N\ =g/
and

0<j<n
hence the result.

Preliminary Result 30.9. We may show that
(_1)k(k+1)/2

In the case that k£ = 2m even and m even,

( )k(k+1

0<j<n

= (—1)l*/21, (30.9)

1)2m(2m+1)/

1) 2m+1)

1m
1)1

= (=
(=
1
(=1)

(=1)

(—1) [2m/2]
(-1) [k/21,

that £ = 2m even and m odd,
(_1)k(k+1)/2 _ (_1)2m(2m+1)/2

_ (_1)m(2m+1)

that £k = 2m + 1 odd and m even,
(_1)k(k+1)/2 _ (_1)(2m+1)(2m+2)/2

— (_1)(2m+1)(m+1)

48
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and that £k = 2m + 1 odd and m odd,

hence the result.

Preliminary Result 30.10. We may show that

. 1
H (a? _ ¢J¢”—]> — Z (_1)“6/27 (n—]: ) LTk (30.10)
0<j<n 0<k<n+1 F
By the g-nomial theorem?,
I - = ¥ 0r()) et
0<k<n—1 0<k<n q

where

2See exercise 1.2.6-58.
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for g = ¢/¢,

n\ _qr L@t
(). L5500

<¢nfk+j _ qgnkarj) &
1<j<k (W - éf) Pkt

¢j _ én—k+j¢k‘—n
1§JHSk P — i

¢ = kg
1<JH<]€ P — i

_ é2n72k+j

1<jen Y-

¢j _ qgnfkd;nle»j
1§JHSk P — i
B ¢k—n¢n—k+j _ ¢k—n¢;n—k+j
¢k—n (¢n—k+j _ én—k-‘,—j)
- @Hgk 67 — g
_ ¢n—k+j _ qgn—lc-',-j
= (") 7
(¢"7) 1<JH<k pra
_ gkt mk 11 i A

1<j<k ¢ — i
2 ¢n7k+j _ qgnfk+j ¢ o Q/A)
— ¢k nk 2 ‘ -
1§31_'[§k ¢—0 ¢ — ¢l
— ¢ T Fokij

_ F;
1<5<k

_ K2—nk [T )
<),

[I (1-@/o)

And so,

0<k<n—1
= H (1 _ (ZsingkI)
0<k<n—1
= Z (_Dk <n> (é/é)k(k—l)mxk
0<k<n k é/¢

_ Z (_1)k¢k2_nk (Z) ]:((;S/qb)k(k—l)mxk

0<k<n
- Z (—1)k @)/ 2mnk G (k1) /2 <Z> o
0<k<n P

by (30.1)

a0
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Substituting ¢™'x for

[1

0<k<n—

- I

0<k

0<k

x yields

147¢7k$k¢n71x)

1

<n-—1

<n

1_>¢n—k—lékx)

Z (—1) ¢k k+1)/2— nk¢kk: 1)/2(”

_ - (k+1)/2— nk k(k—1)/2( T
= > (-1t (k)szﬁ

0<k

0<k

0<k

0<k

0<k

3 Capeesna() o
<n k F

0<k<

<n

Z (_1)k¢k(k+1)/2—kék(k—1)/2

<n

Z (—1)kgk(=1/2gh(k=1)/2

<n

<n

<n

Substituting 1/z for x yields

I1

0<k<n—1

- I

0<k<n—

1

x n

F

5 e (l) o

1__¢n7k71$k/x)
x‘4,¢nfk71$k

) T

II x47¢n7k71$k)

0<k<n—1

R TS

1
_p)kkRED /2T 2

-3

0<k<n

- ¥

0<k<n

0<k<n

if and only if

or equivalently,

0<j<n

(_1)M/ﬂ

— d,qunfj) —

ny L
k) rax*

S (e <

0<k<n-+1

(&),
(&),

> Dt () o

n+1
k

> ¢n 1

kn—k k

by (30.9)

) xn+1fk7
F

ol
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and hence the result.

Preliminary Result 30.11. We may show that

k n j n—j
(AL, = (j)F,ﬂHFk j,
In the case that k£ =0,

0 —
[ATH'Jn,j -

nj
n . n_.
(j)Fg—l-lFO ]'

Then, assuming

N\ i e
[AfLJrl]n,j - (j)Flz+1Fk 7,

we must show that
k+1 N n—j
[An+1]n,j - ( ~)Fk+2Fk+1 :

But

[

m—(n—j)

j m n—m
F" L F
n—j><j+m—n> k+1%k
n > n—j .] +m—n rnm—m
= . Fk+lj(~ )FIngl Fy
O<m<n<n_'7 Jtm-—n
n—j .] m j—m
el S CAL b
0<m<j

)
n>Fn+_1] (Fipr + Fy)’
)

3

n . s
= (") Fam

and hence the result.

Conclusion. We will now show that

0<k<m

> (1) oo

(30.11)

by Eq. (1.2.6-2)

92
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From (30.8) and (30.10), the characteristic polynomial satisifes

PA, (T) = H (:c - ¢j¢3"_j) = Z (—1)1k/21 (n;: 1)}—$n+1—k'

0<j<n 0<k<n+1

But, by the Cayley-Hamilton theorem, every matrix satisifes its characteristic polyno-

mial. And so,
S Comm (") ags oo
0<k<n+1 k F

for n” —1 > n+ 1, where O denotes the (n+ 1) x (n + 1) zero matrix. By (30.11), for
n=jand k=n'—1-k,

An'—l—k: _ n )i n—n - "
n+1 n - n n'—1—k+1tn'—1—-k — *n'—k-

And so,
Z (*I)M/ﬂ (n Z 1) w—k =0,
0<k<n+1 F
or equivalently,
3 (7:) (—)R2 =l — g,
0<k<m F

This concludes the proof. O

[D. Jarden, Recurring Sequences, 2nd ed. (Jerusalem, 1966), 30-33; J. Riordan, Duke Math.

29 (1962), 5-12]
31. [M20] Show that Fb,¢ mod 1 =1— ¢~2" and Fy,,1¢ mod 1 = ¢~ 271,
We may show both identities.

Proposition. Fy,¢ mod1=1— ¢~2".
Proof. Let n be an arbitrary integer. We must show that
Fopnémod1=1—¢ 2",

or equivalently that
1| Fopd— (1 — ¢7%™).
But clearly, 1| Fy,41 — 1, and
Font1—1=Fond — Fond+ Fapp1 — 1

- F2n¢ + (_1)2n+1F2n¢ + (_1)2(n+1)F2n+1 - 1
= o+ (—1)" T Fopp + (—1)*" 2 Fy, 0 — 1

=Fond+ Fond+ F_opy1) — 1 by exercise 8
=Fopnd— 14+ F 0,0+ F_9,1
= Fopp— 1472 by exercise 11

- F2n¢ - (1 - ¢72n).

That is,
1| Fonp— (1= ¢7%")

as we needed to show. O

33
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Proposition. Fy, ¢ mod 1 = ¢~2""1,
Proof. Let n be an arbitrary integer. We must show that
Fopp1¢mod 1= ¢ 2" 1
or equivalently that
1| Fop1¢p— ¢ 2"
But clearly, 1| Fop,42, and
Fopyo = Font19 — Fany16 + Fapyo
= Fony16— (=1)*" Ty ¢ — (1) R,
= Fop10 — (—1)*" " Fapi10 — (—1)*" P Fapga

= Fon160 — F_(2n11)® — F_(2n42) by exercise 8
=19 — (Foopn19+ Fon 2)
= Fopp19— ¢ 2" by exercise 11
That is,
1| Fonp1¢p— ¢~ 2"
as we needed to show. O

32. [M24] The remainder of one Fibonacci number divided by another is £+ a Fibonacci number: Show
that, modulo F,,

F, if m mod 4 = 0;

(=) E,_,, if m mod 4 = 1;

anJrr = . o,

(=1)"F, if m mod 4 = 2;

(— 1)T+1+”F ry I mmod4 =3.
F, ifmmod4 =0
DR, da=1

Proposition. Fi,pi, = (=1) zlfm o (mod F,).

(-)"F, if mmod 4 =2

(—1)T+1+"FH_T ifmmod4=3

Proof. Let m,n,r be arbitrary integers, such that m =n=r=0o0r 0 <r <m < n.
We must show that

F, if mmod4 =0
1)+ E, if d4=1

Frnir = (=1) 1 e (mod F,).
(-)"F, if m mod 4 =2

(71)’"+1+”Fn_r if m mod 4 =3
As preliminaries, note that since
F,=0 (mod F,),
by repeated applications of Law 1.2.4-A,
aF, =0 (mod F,),
for any integer a, which will be hereafter indicated as by Law 1.2.4-A*. Also

F,=0
=F,
=Fu1— Fo1 (mod F,)
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if and only if

Fn+l = Fn—l

In the case that m mod 4 = 0, we have that

F.=F,
=F). | F,
_meod4F

iy (mod F,).

In the case that m mod 4 = 1, we have that

=i+ (o1 — FraFn
= FTFn+l

(=) Fy gy (-1 F1

_Fr+1Fn

= Fan+1

— 1
= n+1F7”

— rm mod 4
= Frmeddp

(mod F,).

In the case that m mod 4 = 2, we have that

(-1)"F, =

(=
(=
(=
(=
(=

1)"FyF,
1)"(=1)*F

D™ (— )1+1F1F
W'F_1F\F,

1) n—n—lFlFr

= (FnJranfl - FnFn>Fr

n+1Fn71Fr - Fy%FT
nt1Fn—1F;

n+1Fn+1F

= FQHF

m mod 4

PO E, (mod F).

(mod F,).

(32.1)

by exercise 8

by exercise 17

by Law 1.2.4-A*

by exercise 8
by exercise 17

by Law 1.2.4-A*
by (32.1)

%)
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In the case that m mod 4 = 3, we have that

(1), = (-1 (1) Fay
=(-D)"(-1)""'F,_ . Fy
= ()" P (1) Fy
= (1)) F ()R
=(-1)"(— 1)’“+1Fn Foy by exercise 8
= (1" (1) Forrany— (- F1
= (—1)"Foii+ (- Fno-1) — Frp1 Fy by exercise 17
= (—1)"F,Fpys1 — Fry1 Fy
=(-1)"F.Fhi1 by Law 1.2.4-A*
=(-1)"F1F.F11
= (-)"(-1)’FF,Fopa
=(-1)"(-D)'"" R F.Fpyy
=(-1)"F_1FF.F,1 by exercise 8
=(-1)"Fh—n1F1F.F,qq
= (Fps1Fno1 — Fo,F))F.Foyq by exercise 17
=P Fy 1 F, — FIF.Fopq
=F? F,.1F, by Law 1.2.4-A*
= n+1Fn+1F by (32.1)
= n+lFT

= F1 et (mod Fy).

That is, we must show that
Fppr = F7P°4E, (mod F).
If m=0,thenn=m=r =0, mmod4 =0, and

an+r = FO~0+O

=F" et (mod F).

If m =1, then m mod 4 = 1, and

an+r = Fl-n+r

— Lf'n+r

=FF, 1+ F._1F, by Eq. (4)
=F.Fn1 by Law 1.2.4-A*
=F, F,

=FrredtE (mod F).
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If m = 2, then m mod 4 = 2, and

an+r = F2~n+r

= fntntr

=P by + For By by Eq. (4)

= Fhir Py by Law 1.2.4-A*
=(F.Fhy1+ Fro1Fp)Fna by Eq. (4)
=FF2 +F 1 FpF,

=FF2,, by Law 1.2.4-A*
=Fp . F,

= F e F, (mod F).

If m = 3, then m mod 4 = 3, and

anJrr = FS-n+'r

= Fp42ntr

= Fopgr Frg1 + Fongr—1Fyn by Eq. (4)

= Fopar Pyt by Law 1.2.4-A*
= n+n+an+1

= (FogrFrnsr + Frgr1 Fo) Frn by Eq. (4)
=Fppr B2y + Frvr o1 By By

=Fp B2 by Law 1.2.4-A*
= (FFop1 + F 1 Fy)F2 by Eq. (4)

= FTF3+1 + FT*1F’I’%+1Fn

=FF3, by Law 1.2.4-A*
= FlFy

=[P E (mod Fy).

Then, assuming
Fppgr = FMP°M4E (mod F),

n

we must show that

F(m+1)n+r = Ff:ﬁjl) mod 4Fr (mod Fn)
But
F(m+1)n+r = mn+n+r
= n+mn—+r
= Fongr o1 + Fngr—1Fy by Eq. (4)
= FontrFopa by Law 1.2.4-A*

_ d4
=Fr 4R E,

= P et E. (mod F).

Here, we divide the proof into cases depending on m mod 4. In the case that m mod 4 =
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0, (m+1) mod 4 =1 and
m mod 4+1 — 7;70+1
F HE = FnLFr
= Fi_HFT

= FTiUmeddp (mod F).

In the case that m mod 4 =1, (m + 1) mod 4 = 2 and
m mod 4 —
e, = FLLE,
=F’\F,
m+1) mod 4
= FT(H_;F ) F. (mod F,).

In the case that m mod 4 =2, (m + 1) mod 4 = 3 and

F’I’TL mod 4+1FT = F2+1F

n+1 n+14r
= FSHF,,
= FTIU et (mod F).

In the case that m mod 4 =3, (m + 1) mod 4 = 0 and
F’rn mod 4+1FT = F3+1F

n+1 n+l-T7
= Fo 1 F,
= (Fpi1Fpuy1)’ F,
= (Fp1Fy 1)’ F, by (32.1)
= (Fus1Fn1)’ By + FyFy (—2F, Fp1 Frumy + F2) by Law 1.2.4-A%

Fui1Foe1)’ + Fu (~2FuFugi Py + F) ) Fy

Fn+1Fn—1)2 - 2F3Fn+1Fn—1 + (F3)2> FT

= (Fuy1Foq — F2)*F,

= (Fpi1Fy_1 — F,F,)° F,

= ((‘U”annlel)Q F, by exercise 17
= (-1)"F_1F})?F,

= ((-1)"F1)*F,

= ((_1)n(_1)1+1F1)2 F, by exercise 8
= ((-1)"(-1)*F)" F;

= (-)"(-1?)*F,

= ((-)")*F

= (-1)*"F,

= ((=1*)" Fy

=1"F,

=1-F,

=F) . F,

= F(m+1) mod 4F

NI »  (mod F,).
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And so,
F(m+1)n+r = F:::Lt,-Iand 4+1Fr
= Fy(LT;rl) meod ‘F, (mod F,,)
as we needed to show. O

33. [HM24] Given that z = /2 + iln ¢, show that sinnz/sinz = il ™" F,.

Proposition. sin(nz)/sin(z) =i'™"F, if z =7/2 +iln¢.

Proof. Let n be an arbitrary nonnegative integer, and z = 7/2 + ¢ In ¢. We must show
that
sin(nz)/sin(z) = i' " F,.

As preliminaries, note that

1 ,
cos(z) = 5(6” +e %)

— 1 i(m/2+1i1n @) —i(mw/2+iln @)
(e +e )

_ l(eiﬂ'/2+i2 In¢ +€—(iw/2+i2 ln¢))
1 i /2—In —i7m/24In

= S /2716 | oin/2HIng)

— l(eiﬂ/26—1n¢ +e—i7r/2€ln¢)

= L(em(em o) g (Veaim)tend)

(V-=1(¢)" '+ (V-1)"19)

= 5(@'(¢)’1 + (i) '9)

= (/o +6/i)

= %(21'/(1 +V5) + (1 + V/5)/2i)

=N =N

= (20220014 VB) + (1 + VB 2i(1 + VB)
= %(—4/(21' +2iV/5) + (1 +2v5 4 5)/(2i + 2iV/5))
= %(—4 + (14 2V5+5))/(2i + 2iV/5)

= %(—4 +1+2V5+45)/(2i + 2iV5)

_ %(2 1 2v/5)/(2i + 2iv/5)
(14 v5)/2i(1 +V5)
—1/2i

— /2
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and
2sin(nz) cos(z) = sin(nz + z) + sin(nz — z)
=sin((n+ 1)z) +sin((n — 1)2)
so that
2sin(nz) cos(z) = sin((n + 1)z) + sin((n — 1)z2)
<= —2isin(nz)/2 =sin((n + 1)z) +sin((n — 1)z)
< —isin(nz) =sin((n + 1)z) + sin((n — 1)z)
< sin(nz) = —(sin((n + 1)z) +sin((n — 1)z)) /i
<= sin(nz) =i(sin((n + 1)z) +sin((n — 1)z))
<= sin(nz)/sin(z) = i(sin((n + 1)z) + sin((n — 1)z))/sin(z).
Ifn=0,
sin(nz)/sin(z) = i(sin((n + 1)z) + sin((n — 1)z))/sin(z)
= i(sin(z) + sin(—=z))/sin(z)
= i(sin(z) — sin(z))/sin(z)
=i-0
=i'F,
= il_nFn;
and if n =1,

i(sin((n 4+ 1)2) + sin((n — 1)2))/sin(z)
i(sin(2z) + sin(0))/sin(z)
isin(2z)/sin(z)

= 2i cos(z) sin(z)/ sin(2)

sin(nz)/ sin(2)

2i cos(z)
= —2i%/2

Then, assuming that
sin(nz)/sin(z) = i' 7" F,,

we must show that
sin((n+ 1)z)/sin(z) =i'="*VE, .
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But
sin((n + 1)z)/ sin(z)

= (2cos(z) sin(nz) — sin((n — 1)z))/ sin(z)

=(-2i sm(nz)/? —sin((n — 1)z))/sin(z)
= (—isin(nz) —sin((n — 1)z))/ sin(2)

=qi! sm(nz)/sin(z) —sin((n — 1)z)/ sin(z)

— iflilann - ilf(nfl)Fn_l

— il_(n+1)Fn _ il—n+1Fn71

— il*(n#»l)Fn + ilinian—l

— il_(n+1)Fn + il—(n+1)Fn71

— il*(nﬁ’l) (F'n, + Fn—l)

— il_(7l+1)Fn+1

as we needed to show. O

» 34. [M24] (The Fibonacci number system.) Let the notation k >> m mean that k > m+2. Show that every
positive integer n has a unique representation n = Fy, +Fy,+- - -+ Fk,., where k1 > ky > - > k. > 0.

First, we prove a corollary.

Proposition. Zlgjgr Fy;, < Fy, 11, where kj > ki1 +1 for1<j<randk,. > 1.
Proof. Let r be an arbitrary positive integer. We must show that
Z ij < Fiy 41 (34.1)
1<j<r
where k; > kj 1 +1for1 <j<randk,>1 Ifr=1,
Z By, =F, =F=1<2=F;=Fy = Fj
1<j<1
where k1 = 2 > 1. Then, assuming
1<j<r
where k; > k;j1 +1for 1 <j <r and k, > 1, we must show that
ji: Frr < Fija
1<j<r
where v’ = r + 1, k: >kj+1+1for1§j<7°’ and k,» > 1. But since
Ky >ki+1 <= ki >kh+2
— ki —-1>kh+1
— P < Fia

then
> Fy=Fy+ ) Fy
1<5<r’ 2<5<r’
< Fyp + Frya
< Fyy + Fiy 1

= Flc’1+1
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as we needed to show. O

Then, we proceed with the requested proof.

Proposition. Fvery positive integer n has a unique representation n = zl<j<r Fy,,
where kj > kj1+1 for1 <j<randk, > 1. o

Proof. Let n be an arbitrary positive integer. We must show that for n there ezists a
representation
n= Z F;
1<j<r
where k; > k; 1 +1for 1 <j <r and k, > 1; and that this representation is unique.

Ezistence. If n =1,
1= Y Fy=F,=F

1<5<1

where k1 =2 > 1; if n = 2,

2= Y F,=F,=F
1<5<1

where ky =3 > 1; if n = 3,

3= Y Fy =F, =F,
1<j<1

where k1 =4 > 1; and if n =4,

4= Y Fy=Fp+F,=F+F=3+1
1<5<2

where k1 =4 > 241 = ko+1, ko = 2 > 1. Then, assuming there exists a representation

n= Z Fk_7'7

1<j<r

we must show that there exists a representation

1<j<r’

In the case that n + 1 is a Fibonacci number F}/, we have that

n+l= > Fy=Fy,=F

1<5<1

where k] = k' > 1. Otherwise, in the case that n 4+ 1 is not a Fibonacci number, it
must lie between two Fibonacci numbers. That is, there must exist a j’ such that

Fj/ <n+1< Fj/+1.
Let m = n+ 1 — Fy. Since m < n, by the inductive hypothesis, there exists a

representation
m = E ij .
1<<r

But
n+1<Fj/+1 = m+Fj/<Fj/+1
<~ m<Fj/+1—Fj/
< m< Fy_q.
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That is, m does not contain Fj/_;, and so
ntl= > Fu=Fi+m=Fi+ Y F,
1<5<r/ 1<5<r

where ' =7+ 1, K = k;_1 if 2 < j <1/, ky = j’ otherwise, and k7 = j’ > k1 + 1, and
hence existence.

Uniqueness. Let n have the two representations

n = Z ij

1<j<r

n= Z Eyrs

1<j<r

and

and let the Fibonacci numbers of each be represented by the sets S = {Fj,} and
S = {Fk;,}. The previous result has shown that they each contain non-consecutive
Fibonacci numbers, and have the same cardinality: r = r’. Then let T = S — S’ and
T'=8"—S. Since ), .g5=) g 8, wealso have that D, ..t =3, t'. We will
assume that S # S, so that neither T nor T” is empty. Select the largest element of
each, and let these be Fy and Fy, respectively. Note that F; # Fp. Without loss of
generaltiy, assume F; < Fy. Then, by (34.1),

Y t<F i <Fr< ) t.

teT teT
But Y ,cpt = > e t', a contradiction, and so, T'=T" = @ and S = §’, and hence
uniqueness.
This concludes the proof. O]

[C. G. Lekkerkerker, Simon Stevin 29 (1952), 190-195; section 7.2.1.7; exercise 5.4.2-10; section
7.1.3]

35. [M24] (A phi number system.) Consider real numbers written with the digits 0 and 1 using base ¢;
thus (100.1)4 = ¢* + ¢!, Show that there are infinitely many ways to represent the number 1; for example,
1=(11)4 = (.011111...)4. But if we require that no two adjacent 1s occur and that the representation does
not end with the infinite sequence 01010101 .. ., then every nonnegative number has a unique representation.
What are the representations of integers?

In the phi number system, there are infinitely many ways to represent the number 1. To see why,
note that since ¢F = ¢F~1 + pF—2,
1=¢% =1,
We may continue to expand the last term for infinitely many ways to represent the number 1. As
1=¢"=¢1 4972 =11y,
l=¢"'4+¢2=¢""4+¢ % +¢ " =.1011,,
or
l=¢ 1+ +o =01+ + 9%+ 6% =.101011,,

ad infinitum. But we may avoid this by requiring that no two adjacent 1s occur and that the
representation does not end with the infinite sequence 01010101 . ... That is, by requiring that all
adjacent ¢F~1 + ¢F~2 terms be instead represented by their sum ¢ and not avoided by further,
infinite expansion of the last term.

The representations of nonnegative integers are then as follows.

Algorithm 35.1 (Representation of nonnegative integers in a phi number system.). Given a
nonnegative integer n, find its unique representation in the phi number system.
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35.1.a. [Initialize.] Set z <~ n, D + &, the set of integer phi exponents.

35.1.b. [Test for zero.] If x =0, the algorithm terminates; we have the representation of n by
the integer phi exponents in D, empty if n zero.

35.1.c. [Find largest exponent.] If x > 0, find the largest k such that ¢* < z, set D + DU {k},
z < x — ¢, and return to step 35.1.b. W

For example, if n =0, D =@ and n =04; if n =1, D = {0} and n = 1y; if n =2, D = {1, -2}
and n = 10.014; etc. Since we always choose ¢* over any of the terms of the sum ¢*~1 4+ ¢F—2,
we satisfy the requirement of having no two adjacent 1s and not ending with the infinite sequence
01010101...

[G. M. Bergman, Mathematics Magazine 31 (1957), 98-110]

» 36. [M32] (Fibonacci strings.) Let S; = “a”, So = “b”, and Sy 12 = Sp41Sn, n > 0; in other words, Sy, 12
is formed by placing S,, at the right of S,+1. We have S3 = “ba”, Sy = “bab”, S5 = “babba”, etc. Clearly
Sp has F,, letters. Explore the properties of S,,. (Where do double letters occur? Can you predict the value
of the kth letter of S,,7 What is the density of the bs? And so on.)

As noted, S,, has F;, letters.

Except for S; = a, no 5, starts with a, but all with b; and since Sy = b, every a is preceded
by a b. The letter b is doubled only when two terms are concatenated. That is, there are no a
doubles, only b doubles.

The kth letter of S, is a(Sy, k) where

b ifn>1and [(k+1)¢ ! — k¢! =1
a otherwise,

a(Sn, k) = {

forn >0, 1<k < F,, as proven next.

In the case that n = 1, k = 1, a(S1,1) = a(a,1) = a, and n ¥ 1. In the case that
n=2k=1, a(S2,1) = a(b,1) = b, and

[A+1)e ! = [1-971] =

In the case that n = 3, 1 < k < F3 = 2, a(Ss3,k) = a(ba, k); and if k& = 1, then
a(ba,1) =b and

[A+1)e !~ [1-97"] =

and if kK = 2, then a(ba,2) = a and

[+~ (297" =307~ [2-¢07"]
=1-1
=0.

Then, assuming the definition of « holds for S, 11, we must show that it holds for S;, ;1.
But

a(Sn+1, k) = Oé(SnSnfl, If)
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In the case that 1 < k < F,,, then a(S,,S,—1,k) = a(Sy, k), and « holds by the inductive
hypothesis. Otherwise, in the case that F,, + 1 < k < F,41, then a(S,S,—1,k) =
a(Sp_1,k— F,) = a(Sp_1,k') for 1 <k =k — F, < F,_1, and a holds again by the
inductive hypothesis, and hence the result.

The density of the bs is is 3(.5,,) where
F,+1¢ '] ifn>1
a5, = § Wm0 )
0 otherwise,

for n > 0, as proven next.

In the case that n = 1, 5(S1) = f(a) = 0, and n ¥ 1. In the case that n = 2,
B(S2) = B(b) =1, and

(P2 +1)¢~" | = [(1+1)¢7]

I
=2-¢7"]
1.

In the case that n = 3, 8(S3) = B(ba) =1, and

[(2+1)¢7"]
=[3-07"]
1.

L(Fs+ 1)~

Then, assuming the definition of 5 holds for S, 11, we must show that it holds for S;, 1.
But

B(SnJrl) = ﬁ(Sn> + B(Snfl)'

For either term, 8 holds by the inductive hypothesis, and hence the result.

[K. B. Stolarsky, Canadian Math. Bull. 19 (1976), 473-482]

» 37. [M35] (R. E. Gaskell, M. J. Whinihan.) Two players compete in the following game: There is a pile
containing n chips; the first player removes any number of chips except that he cannot take the whole pile.
From then on, the players alternate moves, each person removing one or more chips but not more than twice
as many chips as the preceding player has taken. The player who removes the last chip wins. (For example,
suppose that n = 11; player A removes 3 chips; player B may remove up to 6 chips, and he takes 1. There
remain 7 chips; player A may take 1 or 2 chips, and he takes 2; player B may remove up to 4, and he picks
up 1. There remain 4 chips; player A now takes 1; player B must take at least one chip and player A wins
in the following turn.)

What is the best move for the first player to make if there are initially 1000 chips?

The best move for the first player to make if there are initially 1000 chips is to take 13 chips, as
explained below.

Definitions. Define the game as follows. Let n, be the number of chips on the xth move, 1 < &,
n, > 0, so that ny represents the number of chips started with. Let ¢, be the number of chips
taken in the xth move, so that

T = Ng—1 — tr—1

for k > 1. In addition, the rules require that

ny — 1 ifrk=1
1 S tn S qx = .
2t,._1  otherwise
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for k > 1, thus n; > 1 necessarily. The game is won on the xth move when finally n,11 = 0. We
want to find the winning move(s) for the first player, for x odd.

Let
Ne = Z ka,j

1<j<ry

be the unique Fibonacci representation of n, k. j > ki j41+1 for 1 < j <r, and ki, > 1; and

/’L(n'ﬁ) = ka,rm :

The winning move, if it exists, is to remove t,, € T}, chips where

T.=41< > Fe, < ‘ =1V Fe, ,>2 > Fe, o,

J1<J<rk J1<J<rg
where 1 < j; < rg.
Preliminary Result 87.1. Since k. .. > 1,
Fy, . +1> Fy.,,
Feoov1+Fy, . > Fy, . +Fy

Fy, .+2 > 2F, .

kam"‘z > 20 Z ka‘j
1<j<re

Fkn,n@ +2 > 2/"(””»)

bl

and since k. > ki o1 + 1,

Fkn,m > ka,r~+1+1 = ka,m—l-i-l > ka,rm-‘rQ

= P 2 Fr, 42
so that
2#("%) < ka,m +2
S ka,'r,gfl
=u| D B,
1<j<re—1
=p Z Fkn,j 7Fkn,r,€
1<j<re
=H Z Fr,, —n Z F.,. ;
1<j<re 1<j<re
= p(ng — p(neg)).
That is,
pu(n = p(ne)) > 2p(ne). (37.1)
Preliminary Result 87.2. First note that for j > 1 arbitrary, since F; = F;_; + F;_» and

Fj_g S Fj—1> we have that
Fj < Fj,1 —|—Fj,1 = 2Fj,1
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or equivalently that

FjS2Fj—1 2Fj,12Fj

11

1
Fj,1 > §FJ

!

1
—F; 1 < _iFJV

Also note that for k > j > 0 arbitrary, if k =2u+ 1 and j = 2v + 1 so that (k—1 — j) mod 2 =
(Qu+1)—1—(2v+1))mod 2= (2(u—v)—1)mod 2 =1 and k mod 2 =1,

E Foi 14k mod2 = Fr — Fj_14(k—1—j) mod 2-
v+(k—1—7) mod 2<i<u

fu=v+1=k=75+2,

E o 14k mod2 = E Fyi 14k mod 2
v4+(k—1—7) mod 2<i<u v+1<i<u

> By

v+1<i<u
E FQi
u<i<u

:F2u
- F2u+1 _F2u71

= F — Fopyny—1

=Fy — Foyyo
= Fi — Fapa
—F, — F
=F,—Fi_141
=Fy — Fj_141

=Fr — Fj_14(k—1—j) mod 2-

Assuming

E Fai14kmod2 = Fr — Fj_14(k—1—j) mod 25
v+ (k—1—7) mod 2<i<u

we must show that

E Fo 14 (k+2) mod 2 = Frt2 — Fj_ 14 (k+2-1—4) mod 2-
v4+(k+2—1—3) mod 2<i<u+1
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But since (k+2—-1—j)mod 2=1and (k+2) mod 2 =1,

E F21'—1+(k+2) mod 2 = E F21—1+(k+2) mod 2
v+(k+2—1—j) mod 2<i<u+1 v+1<i<u+1

= Z Fy;

v4+1<i<u+1

= Fyusn+ Y, Fu

vt1<i<u
=Furn+ >, Frici4kmod2
vt+1<i<u
= Fotus1) + Fi — Fj_14(k—1—5) mod 2
= Four2+ Fr — Fj_14(k—1—j) mod 2
=Fri1+ Fr — Fj_ 14 (k—1—j) mod 2
= Frio— Fj_ 14 (k—1-5) mod 2

= Fryo — Fj_ 11 (k+2—1—5) mod 2

and hence the result for kK =2u+ 1 and j = 2v + 1.

If k=2uand j=2vsothat (k—1—j)mod2=(2u—1—-2v)mod 2= (2(u—v)—1)mod2=1

and k£ mod 2 = 0,

Z Foi 14k mod2 = Fi — Fj_14(k—1—j) mod 2-

v+(k—1—7) mod 2<i<u

fu=v+1l=k=j+2,

E Foi 14k mod2 = E Foi 14k mod 2
v4(k—1—7) mod 2<i<u v+1<i<u

Z FQifl

vH1<i<u
Z Fy
u<i<u
= I
= Foy — Foy 2
= Fy — Fo(p41)—2

=F — Foyyo o
= Fy — Fyy,

= F, - Fj
=F,—F; 111
=F,—Fj111

=Fr — Fj_14(k—1—j) mod 2-

Assuming

E Foi 14k mod2 = Fr — Fj_14(k—1—j) mod 2>
v4+(k—1—7) mod 2<i<u

we must show that

E Foi 14 (k+2) mod 2 = Fry2 — Fj_14(k+2-1—4) mod 2-
v+ (k+2—1—3) mod 2<i<u+1
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But since (k+2—1—j) mod 2 =1 and (k + 2) mod 2 =0,

Z F2i—1+(k+2) mod 2 = § F2i—1+(k+2) mod 2
v+ (k+2—1—3) mod 2<i<u+1 v+1<i<u+1

Z Iy

v+1<i<u+1

= Fyut1)-1+ Z Fo

v+1<i<u

= Fyus-1+ Y Faiciikmod2

v+1<i<u

= Fout1)-1+ Fr — Fj_14(h—1—5) mod 2
= Foura-1+ Fi = Fj_ 14 (k—1—j) mod 2
=Fouy1+ Fr — Fj_14(k—1—5) mod 2
=Fpr1+Fr — Fj 14 (k—1—5) mod 2
=Frr2— Fj_14(k—1—j) mod 2

=Frro— Fj_14(k+2-1—j) mod 2

and hence the result for £ = 2u and j = 2v.

If k=2u+1and j = 2vso that (k—1—j) mod 2 = (2u+1—1—2v) mod 2 = 2(u—v) mod 2 =0
and k£ mod 2 =1,

Z Fait14kmod2 = Fr — Fj_14(k—1—4) mod 2-
v4+(k—1—3) mod 2<i<u
fu=v=%k=j+1,

E Fo 14k mod2 = g Fo 14k mod 2

v+(k—1—7) mod 2<i<u v4+0<i<u

Z Iy;

v<ilu

> P

u<i<u

= Fyy = Foyuy1 — Foua
=Fy,—Fou 1

=Fy — Fyy 1

= B~ F_,

=F,—Fj 110

= Fj — Fj71+(k717j) mod 2+

Assuming

g Foi 14k mod2 = Fr — Fj_14(k—1—j) mod 25
v+(k—1—7) mod 2<i<u

we must show that

E Foi 14 (ky2) mod 2 = Frer2 — Fj_ 14 (k42-1—j) mod 2-
v+ (k+2—1—3) mod 2<i<u+1
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But since (k+2—1—j) mod 2 =0 and (k+2) mod 2 =1,

E F2i—1+(k+2) mod 2 = E F2i—1+(k+2) mod 2
v+(k—1—3) mod 2<i<u-+1 v+0<i<u+1
= E Fa;
v<i<u+1
= Fouy1) + E Fy;
v<i<u
= Foyt2 + E Fai 14k mod 2

vt (k—1—7) mod 2<i<u
= Fouto+ Fr — Fj_ 14 (k—1-§) mod 2
= Frp1+ Fx — Fj 11 (k—1—5) mod 2
=Fryo2— Fj_ 11 (k—1—j) mod 2

= Fri2 — Fj_14(k+2-1—5) mod 2

and hence the result for k = 2u + 1 and j = 2v.
If k = 2uand j = 2v—1so that (k—1—j) mod 2 = (2u—1—(2v—1)) mod 2 = 2(u—v) mod 2 =0
and k£ mod 2 =0,

Z Foit14kmod2 = Fr — Fj_14(k—1—4) mod 2-

v+ (k—1—3) mod 2<i<u

fu=v=%k=j+1,

g I 1ikmod2 = E Fo 14k mod 2
v+(k—1—3) mod 2<i<u v+0<i<u
= g Fy
v<i<u
= 5 Fyy
u<i<u
= Foy_1 =Fyy — Fy_2
=F, — Fy_3
= B, — F;_,
=F,—Fj 110

=Fe — Fj_ 11 (k—1—j) mod 2-

Assuming

E Foi 14k mod2 = Fr — Fj_14(k—1—j) mod 25
v+(k—1—7) mod 2<i<u

we must show that

E Fo 14 (k+2) mod 2 = Frt2 — Fj_14 (k42-1—4) mod 2-
v+ (k+2—1—j) mod 2<i<u+1
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But since (k+2—1—j) mod 2 =0 and (k + 2) mod 2 = 0,

E F21—1+(k+2) mod 2 — E F2i—1+(k+2) mod 2
v4(k—1—3) mod 2<i<u-+1 v4+0<i<u+1
= E Fo 1
v<i<u+1
= F(ut1)-1 + E Foi 4
v<i<u
= Foypo 1+ E Fo 14k mod 2

v+(k—1—3) mod 2<i<u
= Fout1 + Fr — Fj_ 14 (k—1—j) mod 2
= Fry1+ Frx — Fj 14 (k—1—5) mod 2
= Fry2 — Fj_ 14 (k—1—j) mod 2

= Fri2 — Fj_14(k+2-1—j) mod 2

and hence the result for k = 2u and j = 2v — 1.

Hence, in any and all cases

E Fait14+k mod 2
v+(k—1—3) mod 2<i<u

= > Foi 14k mod 2
/2] +(k—1—3) mod 2<i<|k/2]

- > F
2|j/2]4+2((k—1—j) mod 2)+1+k mod 2<i<2|k/2]+1+k mod 2

=Fr — Fj_14(k—1—5) mod 2-



Exercises from Section 1.2.8

Also, if k = 2u, so that £k mod 2 = 0,

Fk) = FQu
= E Foipq
0<i<u—1
= g Fyiq
1<i<u
= Y (Faip1— Fa)
1<i<u
= g Foip1 — E Fy;
1<i<u 1<i<u
= E Iy — g Foiio
1<i<u 0<i<u—1
< E Foip1 — E Faiqq
1<i<u 1<i<u—1
< g Foip1 — g Fyiq
1<i<u 1<i<vo+(k—1—75) mod 2—1

= Z Foiq

v+(k—1—3) mod 2<i<u

= E Foit1+4k mod 2,
v+(k—1—3) mod 2<i<u

b

and if k = 2u + 1, so that k mod 2 =1,

Fy = Fout1
=1+ Z Fy;
1<i<u
=1+ Z (Foit1 — Foiz1)
1<i<u
=1+ Z Foiiq — Z Fo_y
1<i<u 1<i<u
=1+ Z Foip1 — Z Foiq
1<i<u 0<i<u—1
= Z Fyip1 — Z Foiq
1<i<u 1<i<u—1
< Z Fai1 — Z Faia
1<i<u 1<i<v+(k—1—37) mod 2—1

= Z Faipa

v+(k—1—3) mod 2<i<u

< E Foit14k mod 2,
v+(k—1—37) mod 2<i<u
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so that in either case,

I, <

>

v+(k—1—3) mod 2<i<u

>

2|5/2]4+2((k—1—3) mod 2)+1+k m

Then let pu(m) = Fj, so that if m < Fy,

m < Fj,
<

>

2|5/2]4+2((k—1—3) mod 2)+14+k m

=—F;_14(k-1-j) mod 2 + Fk

In the case that (k —1—j) mod 2 =0,

—Lj—14+(k—1—j) mod 2 =

and in the case that (k —1— j) mod 2 =1,

—Lj—14+(k—1—j) mod 2 =

And so, in either case,

—F 14 (k—1—j) mod 2 T Fk

if and only if

1
m < —§u(m) +F, <
<
<
That is,
p(m) < 2(F

for 1 <m < Fj.

73

Foit14k mod 2

E;.
od 2<i<2|k/2|+1+k mod 2

F;
od 2<i<2|k/2|+14k mod 2

—Fj-1+0

j—1

IA

—ZF

7

IN

IN

IN

1
—F,+m< —aﬂ(m)

1
Fry—m > iﬂ(m)

2(F, —m) > u(m).

(37.2)
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Preliminary Result 37.3. Since F, . = p(ng) > m > 1, by (37.2)

2(Fn,rn —m) = 2(u(ng) —m)
> pu(m)

=L Z ka_j +m

1<j<re—1
-y, . tm)
— p(ng) +m).

1(
=

Ny
Nk

That is,
pu(ne — p(ni) +m) < 2(pu(nk) —m) (37.3)
for 1 <m < p(nyg).

Preliminary Result 37.4. By (37.3), with m = p(n,) —m/,
p(nw = p(ne) + p(ng) —m') = p(ne —m’)

< 2(/1,(’)’%) - :U’(nm) - m/)
=2m’.

That is,
wing —m) < 2m (37.4)

for 1 <m < p(ng).
Proof. In the case that u(n) < ¢, and ¢, > n,, we may win immediately in the xth move by
taking t, = n, chips. But since n, > 1,
chznnzl — 1§ Z Fkn,jSch
J1<J<rx
with 71 = 1, so that n, € Tj.

Otherwise, if p(ng) < gx but g, < n,., we may take t, = u(n,) chips in order to leave the other
player in an unwinnable state where p(n,+1) > get+1. The move is valid since pu(n,) > 1,

G > p(ng) 21 = 1< > F <q
J1<j<ry
with j; = 74, so that p(n,) € Ty, since by (37.1),
2 Y P, =2p(ng)
J1<J<rg
< p(ny — p(ng))
- F,

K, —1"

The next state (to be shown to be unwinnable further below) is indeed one where pu(n,41) > Got1,
since also by (37.1),

(1)
= p(ns —ty)
= pu(nw — pi(ne))
> 24(n)
=2t

= (qk+1-

74
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In the case that p(ns) > ¢, there is no winnable move since g, < n,; but any move t, will
lead to a winnable state for the next player with pu(n.4+1) < get1. This follows from (37.4), since
1 <t, < p(ng) and

(k1)
= p(ne —ty)
< 2t

= qr+1-

Ezxample. Here we explain how we determined that taking 13 chips is the only winning move for
the first player to make if there are initially 1000 chips. In this example,

ny = 1000 = Fk1,1 + Fkl,rl = Fk1,1 + Fkl,z = Flﬁ + F7 =987 + 13,
and xk = 1, so that ¢ = 1000 — 1 = 999. For j; = ry, since

987 = Fk1,1 = Fk‘1,271 = Fkl,rl—l >2 Z Fkl,j = 2Fk1,r1 =2-13= 267

r1<j<r1

we have a single winning move

t1 €Ty = {13},

hence the unique solution.

[M. J. Whinihan, Fibonacci Quart. 1 (December 1963), 9-12; A. Schwenk, Fibonacci Quarterly
8 (1970), 225-234]

38. [35] Write a computer program that plays the game described in the previous exercise and that plays
optimally.

The following Java code plays the game described in exercise 37, and plays optimally.
class Options {

public Options(String[] arguments) throws NumberFormatException {

for (int index = 0; index < arguments.length; ++index) {
switch (arguments[index]) {
case "-n":

if ((numberOfChips = Integer.parselnt (arguments [++index])) <= 1) {
throw new IllegalArgumentException(
String.format (
"numberof chipsynymust be n,>y1:,%d",
number0fChips
)
)
}
break;
case "-p":
isUserFirst = Integer.parselnt(arguments[++index]) % 2 == 1;
break;
default:
throw new IllegalArgumentException(arguments[index]);

}

assert (number0fChips > 1);

}
public int getNumber0fChips () { return numberOfChips; }
public boolean isUserFirst () { return isUserFirst; ¥

public int readNumberOfChipsTaken(InputStream in, int numberOfChipsTakeable) {
int numberOfChipsTaken = (new Scanner (in)).nextInt ();
if ((numberOfChipsTaken < 1) || (numberOfChipsTaken > numberOfChipsTakeable)) {
throw new IllegalArgumentException(
String.format (
"numberof chips taken tymustybe 1,<= ty <= %d:y%d",
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number0fChipsTakeable,

number0fChipsTaken
)
);

}

return number0fChipsTaken;
}
private int numberOfChips = 2;
private boolean isUserFirst = true;

}
class State {

public State(int initialNumberOfChips, boolean isUserFirst) {
turn = 1;
isUserTurn = isUserFirst;
number0fChips = initialNumberOfChips;
numberO0fChipsTakeable = number0fChips - 1;

}

public void take(int numberOfChipsTaken) {

assert ((1 <= numberOfChipsTaken) && (numberOfChipsTaken <= numberOfChipsTakeable));

++turn;

isUserTurn = !isUserTurn;

number0fChips -= number0fChipsTaken;

number0fChipsTakeable = 2*number0fChipsTaken;
}
public int getTurn() { return turn; }
public boolean isUserTurn () { return isUserTurn; }
public int getNumber0fChips () { return numberO0fChips; }
public int getNumberOfChipsTakeable() { return numberOfChipsTakeable; }

public void writePreSummary(PrintStream out) {
out.printf ("Number of Chips:%d%n", number0fChips);
out.printf (", uuuGoes First: %s%n", isUserTurn? "User" : "Computer");
out.printf ("--------------- %n");

}

public void writeSummary(PrintStream out) {
out .printf (
"[State] Turn: %d,(%s); Chips:,%d; Takeable: %d%n",

turn,
isUserTurn? "User" : "Computer",
number0fChips,
number0fChipsTakeable
)
}
public void writePostSummary(PrintStream out) {
out.printf ("------ %n");
out.printf (" Turns: %d%n", turn - 1);
out.printf ("Winner: %s%n", !isUserTurn? "User" : "Computer");
}
private int turn;
private boolean isUserTurn;
private int numberO0fChips;
private int numberOfChipsTakeable;

}
class FibonacciNumber {
public FibonacciNumber (int index, int value) {
this.index = index;
this.value = value;

}

public int getIndex() { return index; 1}
public int getValue() { return value; }

private int index;
private int value;

class FibonacciNumbers {

public FibonacciNumber get(int index) {
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assert (index >= 0);

FibonacciNumber fibonacciNumber = fibonacciNumberCache.get (index);
if (fibonacciNumber == null) {
fibonacciNumber = calculate(index);
fibonacciNumberCache.put (index, fibonacciNumber);
}
return fibonacciNumber;
}
public FibonacciNumber getLargestLessThanOrEqualTo(int value) {
int index = 0;
FibonacciNumber fibonacciNumber = get (index++);
while (true) {
FibonacciNumber nextFibonacciNumber = get(index++);
if (nextFibonacciNumber.getValue() > value) {
break;
}
fibonacciNumber = nextFibonacciNumber;
}

return fibonacciNumber;

}

protected FibonacciNumber calculate(int index) {
FibonacciNumber fibonaccilNumber;
switch (index) {

case O0:
case 1:
fibonacciNumber = new FibonacciNumber (index, index);
break;
default:
fibonacciNumber = new FibonacciNumber (
index,
get (index-1).getValue () + get(index-2).getValue ()
)
break;
}
return fibonacciNumber;
}
private Map<Integer ,FibonacciNumber> fibonacciNumberCache = new HashMap<>();

class FibonacciBaseNumber {
public FibonacciBaseNumber (FibonacciNumbers fibonacciNumbers, int value) {

assert (value > 0);

this.value = value;
while (value > 0) {
FibonacciNumber digit = fibonacciNumbers.getLargestLessThanOrEqualTo (value);
digits.add(digit);
value -= digit.getValue();
}
}
public int getSum(int fromIndex, int tolIndex) {
int sum = 0;
for (int index = fromIndex; index <= tolIndex; ++index) {
sum += get(index).getValue ();
}
return sum;
}
public int getValue () { return value; ¥
public int size () { return digits.size(); }
public FibonacciNumber get(int index) { return digits.get(index); }
public Stream<FibonacciNumber> stream() { return digits.stream(); }
private int value;
private List<FibonacciNumber> digits = new ArrayList<FibonacciNumber >();
}
class Solver {
public Solver (FibonacciNumbers fibonacciNumbers, State state) {
fibonacciBaseNumber = new FibonacciBaseNumber (fibonacciNumbers, state.getNumberOfChips());

for (int index = 0; index < fibonacciBaseNumber.size(); ++index) {
int sum = fibonacciBaseNumber.getSum(index, fibonacciBaseNumber.size() - 1);
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if ((1 <= sum) && (sum <= state.getNumberOfChipsTakeable())) {

if ((index == 0) || (fibonacciBaseNumber.get(index - 1).getValue() > 2*sum)) {

number0fChipsToTake.add (sum);
}

}

public int getOptimalNumberOfChipsToTake () {
int optimalNumberOfChipsToTake = 1;
if (numberO0fChipsToTake.size() > 0) {
optimalNumber0fChipsToTake = numberO0fChipsToTake.first ();
}
return optimalNumberOfChipsToTake;
}

public void writeSummary(PrintStream out) {
out.printf (
"[Solve]l Chips:y%dyu=yhsu=ukhshn",
fibonacciBaseNumber.getValue (),
String. join(",+,", fibonacciBaseNumber.stream()

.map(f -> String.format("F_%d", f.getIndex())).collect(Collectors.toList())

),

String.join(",+,", fibonacciBaseNumber.stream()

.map(f -> Integer.toString(f.getValue())).collect(Collectors.toList())

)
)
out.printf (
"[Solvel] Optimal: . %d;,Possible: {%s}Vn",
getOptimalNumberOfChipsToTake (),
String.join(", ", number0OfChipsToTake.stream()
.map(t -> Integer.toString(t)).collect(Collectors.toList())

)
)

}

private FibonacciBaseNumber fibonacciBaseNumber;

private SortedSet<Integer> number0fChipsToTake = new TreeSet<Integer>();
}
Options options = new Options(arguments);
State state = new State(options.getNumberOfChips (), options.isUserFirst());
FibonacciNumbers fibonacciNumbers = new FibonacciNumbers ();
state.writePreSummary (System.out);
do {

Solver solver = new Solver(fibonacciNumbers, state);

state.writeSummary (System.out);

solver.writeSummary (System.out);

int numberOfChipsTaken;

if (state.isUserTurn()) {
System.out.printf ("[Input] User Takes: ");

number0fChipsTaken = options.readNumberOfChipsTaken(System.in, state.getNumberOfChipsTakeable());

} else {
System.out.printf ("[Input] Computer Takes: ");
number0fChipsTaken = solver.getOptimalNumberOfChipsToTake ();
System.out.printf ("%d%n", number0fChipsTaken);
}
state.take(numberOfChipsTaken);
} while (state.getNumberOfChips() > 0);
state.writePostSummary (System.out);

Sample output for a game starting with 1000 chips where the computer went first (-n 1000 -p
2), lasting for 351 turns, is shown below.

Number of Chips: 1000
Goes First: Computer
[State] Turn: 1 (Computer); Chips: 1000; Takeable: 999
[Solve] Chips: 1000 = F_16 + F_7 = 987 + 13
[Solve] Optimal: 13; Possible: {13}
[Input] Computer Takes: 13
[State] Turn: 2 (User); Chips: 987; Takeable: 26
[Solve] Chips: 987 = F_16 = 987
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 26
[State] Turn: 3 (Computer); Chips: 961; Takeable: 52
[Solve] Chips: 961 = F_15 + F_13 + F_11 + F_8 + F_6 = 610 + 233 + 89 + 21 + 8
[Solve] Optimal: 8; Possible: {8, 29}
[Input] Computer Takes: 8
[State] Turn: 4 (User); Chips: 953; Takeable: 16
[Solve] Chips: 953 = F_15 + F_13 + F_11 + F_8 = 610 + 233 + 89 + 21
[Solve] Optimal: 1; Possible: {}

78



Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

User Takes: 16

Turn: 5 (Computer); Chips: 937; Takeable: 3
Chips: 937 = F_15 + F_13 + F_11 + F_5 = 610
Optimal: 5; Possible: {5}

Computer Takes: 5

Turn: 6 (User); Chips: 932; Takeable: 10
Chips: 932 = F_15 + F_13 + F_11 = 610 + 233
Optimal: 1; Possible: {}

User Takes: 10

Turn: 7 (Computer); Chips: 922; Takeable: 2
Chips: 922 = F_15 + F_13 + F_10 + F_8 + F_4
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 8 (User); Chips: 919; Takeable: 6
Chips: 919 = F_15 + F_13 + F_10 + F_8 = 610
Optimal: 1; Possible: {}

User Takes: 6

Turn: 9 (Computer); Chips: 913; Takeable: 1
Chips: 913 = F_15 + F_13 + F_10 + F_7 + F_3
Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 10 (User); Chips: 911; Takeable: 4
Chips: 911 = F_15 + F_13 + F_10 + F_7 = 610
Optimal: 1; Possible: {}

User Takes: 4

Turn: 11 (Computer); Chips: 907; Takeable:
Chips: 907 = F_15 + F_13 + F_10 + F_6 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 12 (User); Chips: 906; Takeable: 2
Chips: 906 = F_15 + F_13 + F_10 + F_6 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 13 (Computer); Chips: 904; Takeable:
Chips: 904 = F_15 + F_13 + F_10 + F_5 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 14 (User); Chips: 903; Takeable: 2
Chips: 903 = F_15 + F_13 + F_10 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 15 (Computer); Chips: 901; Takeable:
Chips: 901 = F_15 + F_13 + F_10 + F_4 = 610
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 16 (User); Chips: 898; Takeable: 6
Chips: 898 = F_15 + F_13 + F_10 = 610 + 233
Optimal: 1; Possible: {}

User Takes: 6

Turn: 17 (Computer); Chips: 892; Takeable:
Chips: 892 = F_15 + F_13 + F_9 + F_7 + F_3
Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 18 (User); Chips: 890; Takeable: 4
Chips: 890 = F_15 + F_13 + F_9 + F_7 = 610
Optimal: 1; Possible: {}

User Takes: 4

Turn: 19 (Computer); Chips: 886; Takeable:
Chips: 886 = F_15 + F_13 + F_9 + F_6 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 20 (User); Chips: 885; Takeable: 2
Chips: 885 = F_15 + F_13 + F_9 + F_6 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 21 (Computer); Chips: 883; Takeable:
Chips: 883 = F_15 + F_13 + F_9 + F_5 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 22 (User); Chips: 882; Takeable: 2
Chips: 882 = F_15 + F_13 + F_9 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 23 (Computer); Chips: 880; Takeable:
Chips: 880 = F_15 + F_13 + F_9 + F_4 = 610
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 24 (User); Chips: 877; Takeable: 6
Chips: 877 = F_15 + F_13 + F_9 = 610 + 233
Optimal: 1; Possible: {}

User Takes: 6

Turn: 25 (Computer); Chips: 871; Takeable:
Chips: 871 = F_15 + F_13 + F_8 + F_5 + F_3
Optimal: 2; Possible: {2, 7}

2
+ 233

+ 89

0

= 610

+ 233

2

= 610

+ 233

8

= 610

+ 233

4

= 610

+ 233

4

+ 233

+ 55

= 610

+ 233

= 610

+ 233

= 610

+ 233

+ 233

12
= 610

89 + 5

233 + 55 + 21 + 3

55 + 21

233 + b5 + 13 + 2

55 + 13

233 + 55 + 8 + 1

55 + 8

233 + 656 + 5 + 1

556 + b

556 + 3

233 + 34 + 13 + 2

34 + 13

233 + 34 + 8 + 1

34 + 8

233 + 34 + 5 + 1

34 + 5

34 + 3

233 + 21 + 5 + 2
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Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

Computer Takes: 2

Turn: 26 (User); Chips: 869; Takeable: 4
Chips: 869 = F_15 + F_13 + F_8 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 4

Turn: 27 (Computer); Chips: 865; Takeable:
Chips: 865 = F_15 + F_13 + F_8 + F_2 = 610
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 28 (User); Chips: 864; Takeable: 2
Chips: 864 = F_15 + F_13 + F_8 = 610 + 233
Optimal: 1; Possible: {}

User Takes: 2

Turn: 29 (Computer); Chips: 862; Takeable:
Chips: 862 = F_15 + F_13 + F_7 + F_5 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 30 (User); Chips: 861; Takeable: 2
Chips: 861 = F_15 + F_13 + F_7 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 31 (Computer); Chips: 859; Takeable:
Chips: 859 = F_15 + F_13 + F_7 + F_4 = 610
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 32 (User); Chips: 856; Takeable: 6
Chips: 856 = F_15 + F_13 + F_7 = 610 + 233
Optimal: 1; Possible: {}

User Takes: 6

Turn: 33 (Computer); Chips: 850; Takeable:
Chips: 850 = F_15 + F_13 + F_5 + F_3 = 610
Optimal: 2; Possible: {2, 7}

Computer Takes: 2

Turn: 34 (User); Chips: 848; Takeable: 4
Chips: 848 = F_15 + F_13 + F_5 = 610 + 233
Optimal: 1; Possible: {}

User Takes: 4

Turn: 35 (Computer); Chips: 844; Takeable:
Chips: 844 = F_15 + F_13 + F_2 = 610 + 233
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 36 (User); Chips: 843; Takeable: 2
Chips: 843 = F_15 + F_13 = 610 + 233
Optimal: 1; Possible: {}

User Takes: 2

Turn: 37 (Computer); Chips: 841; Takeable:
Chips: 841 = F_15 + F_12 + F_10 + F_8 + F_6
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 38 (User); Chips: 838; Takeable: 6
Chips: 838 = F_15 + F_12 + F_10 + F_8 + F_6
Optimal: 1; Possible: {}

User Takes: 6

Turn: 39 (Computer); Chips: 832; Takeable:
Chips: 832 = F_15 + F_12 + F_10 + F_8 + F_3
Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 40 (User); Chips: 830; Takeable: 4
Chips: 830 = F_15 + F_12 + F_10 + F_8 = 610
Optimal: 1; Possible: {r

User Takes: 4

Turn: 41 (Computer); Chips: 826; Takeable:
Chips: 826 = F_15 + F_12 + F_10 + F_7 + F_4
Optimal: 1; Possible: {1, 4}

Computer Takes: 1

Turn: 42 (User); Chips: 825; Takeable: 2
Chips: 825 = F_15 + F_12 + F_10 + F_7 + F_4
Optimal: 1; Possible: {}

User Takes: 2

Turn: 43 (Computer); Chips: 823; Takeable:
Chips: 823 = F_15 + F_12 + F_10 + F_7 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 44 (User); Chips: 822; Takeable: 2
Chips: 822 = F_15 + F_12 + F_10 + F_7 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 45 (Computer); Chips: 820; Takeable:
Chips: 820 = F_15 + F_12 + F_10 + F_6 + F_4
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 46 (User); Chips: 817; Takeable: 6
Chips: 817 = F_15 + F_12 + F_10 + F_6 = 610

Optimal: 1; Possible: {r

+ 233

oo}

+ 233

IS

= 610

+ 233

IS

+ 233

12
+ 233

+ 5

8
+ 1

4
+ F_4

= 610

12
= 610

+ 144

8
+ F_2

= 610

4
= 610

+ 144

4

= 610

+ 144

21 + 5

21 + 1

233 + 13 + 5 + 1

13 + 5

13 + 3

610 + 144 + 55 + 21 + 8 + 3

144 + 55 + 21 + 8

144 + 55 + 21 + 2

55 + 21

610 + 144 + 55 + 13 + 3 + 1

144 + 55 + 13 + 3

144 + 55 + 13 + 1

55 + 13

144 + 55 + 8 + 3

556 + 8
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Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

User Takes: 6
Turn: 47 (Computer); Chips: 811; Takeable:

12

Chips: 811 = F_15 + F_12 + F_10 + F_3 = 610 + 144 + 55 + 2

Optimal: 2; Possible: {2}
Computer Takes: 2
Turn: 48 (User); Chips: 809; Takeable: 4

Chips: 809 = F_15 + F_12 + F_10 = 610 + 144 + 55

Optimal: 1; Possible: {}

User Takes: 4

Turn: 49 (Computer); Chips: 805; Takeable:
Chips: 805 = F_15 + F_12 + F_9 + F_7 + F_4
Optimal: 1; Possible: {1, 4}

Computer Takes: 1

Turn: 50 (User); Chips: 804; Takeable: 2
Chips: 804 = F_15 + F_12 + F_9 + F_7 + F_4
Optimal: 1; Possible: {}

User Takes: 2

Turn: 51 (Computer); Chips: 802; Takeable:
Chips: 802 = F_15 + F_12 + F_9 + F_7 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 52 (User); Chips: 801; Takeable: 2
Chips: 801 = F_15 + F_12 + F_9 + F_7 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 53 (Computer); Chips: 799; Takeable:
Chips: 799 = F_15 + F_12 + F_9 + F_6 + F_4
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 54 (User); Chips: 796; Takeable: 6
Chips: 796 = F_15 + F_12 + F_9 + F_6 = 610
Optimal: 1; Possible: {}

User Takes: 6

Turn: 55 (Computer); Chips: 790; Takeable:
Chips: 790 = F_15 + F_12 + F_9 + F_3 = 610
Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 56 (User); Chips: 788; Takeable: 4
Chips: 788 = F_15 + F_12 + F_9 = 610 + 144
Optimal: 1; Possible: {}

User Takes: 4

Turn: 57 (Computer); Chips: 784; Takeable:
Chips: 784 = F_15 + F_12 + F_8 + F_6 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 58 (User); Chips: 783; Takeable: 2
Chips: 783 = F_15 + F_12 + F_8 + F_6 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 59 (Computer); Chips: 781; Takeable:
Chips: 781 = F_15 + F_12 + F_8 + F_5 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 60 (User); Chips: 780; Takeable: 2
Chips: 780 = F_15 + F_12 + F_8 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 61 (Computer); Chips: 778; Takeable:
Chips: 778 = F_15 + F_12 + F_8 + F_4 = 610
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 62 (User); Chips: 775; Takeable: 6
Chips: 775 = F_15 + F_12 + F_8 = 610 + 144
Optimal: 1; Possible: {}

User Takes: 6

Turn: 63 (Computer); Chips: 769; Takeable:
Chips: 769 = F_15 + F_12 + F_7 + F_3 = 610
Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 64 (User); Chips: 767; Takeable: 4
Chips: 767 = F_15 + F_12 + F_7 = 610 + 144
Optimal: 1; Possible: {}

User Takes: 4

Turn: 65 (Computer); Chips: 763; Takeable:
Chips: 763 = F_15 + F_12 + F_6 + F_2 = 610
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 66 (User); Chips: 762; Takeable: 2
Chips: 762 = F_15 + F_12 + F_6 = 610 + 144
Optimal: 1; Possible: {}

User Takes: 2

Turn: 67 (Computer); Chips: 760; Takeable:
Chips: 760 = F_15 + F_12 + F_5 + F_2 = 610
Optimal: 1; Possible: {1}

IS

12

+

IS

12

+

o)

610

610

144

610

144

144

34

610

144

610

144

144

21

144

13

144

144

610 + 144 + 34 + 13 + 3 + 1

144 + 34 + 13 + 3

144 + 34 + 13 + 1

34 + 13

144 + 34 + 8 + 3

34 + 8

34 + 2

144 + 21 + 8 + 1

21 + 8

144 + 21 + 5 + 1

21 + 5

21 + 3

13 + 2
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Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

Computer Takes: 1

Turn: 68 (User); Chips: 759; Takeable: 2
Chips: 759 = F_15 + F_12 + F_5 = 610 + 144
Optimal: 1; Possible: {}

User Takes: 2

Turn: 69 (Computer); Chips: 757; Takeable:
Chips: 757 = F_15 + F_12 + F_4 = 610 + 144
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 70 (User); Chips: 754; Takeable: 6
Chips: 754 = F_15 + F_12 = 610 + 144
Optimal: 1; Possible: {}

User Takes: 6

Turn: 71 (Computer); Chips: 748; Takeable:
Chips: 748 = F_15 + F_11 + F_9 + F_7 + F_3
Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 72 (User); Chips: 746; Takeable: 4
Chips: 746 = F_15 + F_11 + F_9 + F_7 = 610
Optimal: 1; Possible: {}

User Takes: 4

Turn: 73 (Computer); Chips: 742; Takeable:
Chips: 742 = F_15 + F_11 + F_9 + F_6 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 74 (User); Chips: 741; Takeable: 2
Chips: 741 = F_15 + F_11 + F_9 + F_6 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 75 (Computer); Chips: 739; Takeable:
Chips: 739 = F_15 + F_11 + F_9 + F_5 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 76 (User); Chips: 738; Takeable: 2
Chips: 738 = F_15 + F_11 + F_9 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 77 (Computer); Chips: 736; Takeable:
Chips: 736 = F_15 + F_11 + F_9 + F_4 = 610
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 78 (User); Chips: 733; Takeable: 6

12

o)

IS

610 + 89 + 34 + 13 + 2

89 + 34 + 13

610 + 89 + 34 + 8 + 1

89 + 34 + 8

610 + 89 + 34 + 5 + 1

89 + 34 + 5

89 + 34 + 3

Chips: 733 = F_15 + F_11 + F_9 = 610 + 89 + 34

Optimal: 1; Possible: {}

User Takes: 6

Turn: 79 (Computer); Chips: 727; Takeable:
Chips: 727 = F_15 + F_11 + F_8 + F_5 + F_3
Optimal: 2; Possible: {2, 7}

Computer Takes: 2

Turn: 80 (User); Chips: 725; Takeable: 4
Chips: 725 = F_15 + F_11 + F_8 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 4

Turn: 81 (Computer); Chips: 721; Takeable:
Chips: 721 = F_15 + F_11 + F_8 + F_2 = 610
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 82 (User); Chips: 720; Takeable: 2

12

+

+

610 + 89 + 21 + 5 + 2

89 + 21 + &

89 + 21 + 1

Chips: 720 = F_15 + F_11 + F_8 = 610 + 89 + 21

Optimal: 1; Possible: {r

User Takes: 2

Turn: 83 (Computer); Chips: 718; Takeable:
Chips: 718 = F_15 + F_11 + F_7 + F_5 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 84 (User); Chips: 717; Takeable: 2
Chips: 717 = F_15 + F_11 + F_7 + F_5 = 610
Optimal: 1; Possible: {}

User Takes: 2

Turn: 85 (Computer); Chips: 715; Takeable:
Chips: 715 = F_15 + F_11 + F_7 + F_4 = 610
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 86 (User); Chips: 712; Takeable: 6

+

610 + 89 + 13 + 5 + 1

89 + 13 + 5

89 + 13 + 3

Chips: 712 = F_15 + F_11 + F_7 = 610 + 89 + 13

Optimal: 1; Possible: {}
User Takes: 6
Turn: 87 (Computer); Chips: 706; Takeable:

12

Chips: 706 = F_15 + F_11 + F_5 + F_3 = 610 + 89 + 5 + 2

Optimal: 2; Possible: {2, 7}
Computer Takes: 2
Turn: 88 (User); Chips: 704; Takeable: 4

Chips: 704 = F_15 + F_11 + F_5 = 610 + 89 + 5

Optimal: 1; Possible: {r

82



Exercises from Section 1.2.8

[Input] User Takes: 4

[State] Turn: 89 (Computer); Chips: 700; Takeable: 8

[Solve] Chips: 700 = F_15 + F_11 + F_2 = 610 + 89 + 1

[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 90 (User); Chips: 699; Takeable: 2

[Solve] Chips: 699 = F_15 + F_11 = 610 + 89

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 91 (Computer); Chips: 697; Takeable: 4

[Solve] Chips: 697 = F_15 + F_10 + F_8 + F_6 + F_4 = 610 + 55 + 21 + 8 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 92 (User); Chips: 694; Takeable: 6

[Solve] Chips: 694 = F_15 + F_10 + F_8 + F_6 = 610 + 55 + 21 + 8
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 93 (Computer); Chips: 688; Takeable: 12

[Solve] Chips: 688 = F_15 + F_10 + F_8 + F_3 = 610 + 55 + 21 + 2
[Solve] Optimal: 2; Possible: {2}

[Input] Computer Takes: 2

[State] Turn: 94 (User); Chips: 686; Takeable: 4

[Solve] Chips: 686 = F_15 + F_10 + F_8 = 610 + 55 + 21

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 95 (Computer); Chips: 682; Takeable: 8

[Solve] Chips: 682 = F_15 + F_10 + F_7 + F_4 + F_2 = 610 + 55 + 13 + 3 + 1
[Solve] Optimal: 1; Possible: {1, 4}

[Input] Computer Takes: 1

[State] Turn: 96 (User); Chips: 681; Takeable: 2

[Solve] Chips: 681 = F_15 + F_10 + F_7 + F_4 = 610 + 55 + 13 + 3
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 97 (Computer); Chips: 679; Takeable: 4

[Solve] Chips: 679 = F_15 + F_10 + F_7 + F_2 = 610 + 55 + 13 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 98 (User); Chips: 678; Takeable: 2

[Solve] Chips: 678 = F_15 + F_10 + F_7 = 610 + 55 + 13

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 99 (Computer); Chips: 676; Takeable: 4

[Solve] Chips: 676 = F_15 + F_10 + F_6 + F_4 = 610 + 55 + 8 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 100 (User); Chips: 673; Takeable: 6

[Solve] Chips: 673 = F_15 + F_10 + F_6 = 610 + 55 + 8

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 101 (Computer); Chips: 667; Takeable: 12

[Solve] Chips: 667 = F_15 + F_10 + F_3 = 610 + 55 + 2

[Solve] Optimal: 2; Possible: {2}

[Input] Computer Takes: 2

[State] Turn: 102 (User); Chips: 665; Takeable: 4

[Solve] Chips: 665 = F_15 + F_10 = 610 + 55

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 103 (Computer); Chips: 661; Takeable: 8

[Solve] Chips: 661 = F_15 + F_9 + F_7 + F_4 + F_2 = 610 + 34 + 13 + 3 + 1
[Solve] Optimal: 1; Possible: {1, 4}

[Input] Computer Takes: 1

[State] Turn: 104 (User); Chips: 660; Takeable: 2

[Solve] Chips: 660 = F_15 + F_9 + F_7 + F_4 = 610 + 34 + 13 + 3
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 105 (Computer); Chips: 658; Takeable: 4

[Solve] Chips: 658 = F_15 + F_9 + F_7 + F_2 = 610 + 34 + 13 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 106 (User); Chips: 657; Takeable: 2

[Solve] Chips: 657 = F_15 + F_9 + F_7 = 610 + 34 + 13

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 107 (Computer); Chips: 655; Takeable: 4

[Solve] Chips: 655 = F_15 + F_9 + F_6 + F_4 = 610 + 34 + 8 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 108 (User); Chips: 652; Takeable: 6

[Solve] Chips: 652 = F_15 + F_9 + F_6 = 610 + 34 + 8

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 109 (Computer); Chips: 646; Takeable: 12

[Solve] Chips: 646 = F_15 + F_9 + F_3 = 610 + 34 + 2

[Solve] Optimal: 2; Possible: {2}



Exercises from Section 1.2.8

[Input] Computer Takes: 2

[State] Turn: 110 (User); Chips: 644; Takeable: 4
[Solve] Chips: 644 = F_15 + F_9 = 610 + 34

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 111 (Computer); Chips: 640; Takeable: 8
[Solve] Chips: 640 = F_15 + F_8 + F_6 + F_2 = 610 + 21 + 8 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 112 (User); Chips: 639; Takeable: 2
[Solve] Chips: 639 = F_15 + F_8 + F_6 = 610 + 21 + 8
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State]l] Turn: 113 (Computer); Chips: 637; Takeable: 4
[Solve] Chips: 637 = F_15 + F_8 + F_5 + F_2 = 610 + 21 + 5 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 114 (User); Chips: 636; Takeable: 2
[Solve] Chips: 636 = F_15 + F_8 + F_5 = 610 + 21 + 5
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 115 (Computer); Chips: 634; Takeable: 4
[Solve] Chips: 634 = F_15 + F_8 + F_4 = 610 + 21 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 116 (User); Chips: 631; Takeable: 6
[Solve] Chips: 631 = F_15 + F_8 = 610 + 21

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 117 (Computer); Chips: 625; Takeable: 12
[Solve] Chips: 625 = F_15 + F_7 + F_3 = 610 + 13 + 2
[Solve] Optimal: 2; Possible: {2}

[Input] Computer Takes: 2

[State] Turn: 118 (User); Chips: 623; Takeable: 4
[Solve] Chips: 623 = F_15 + F_7 = 610 + 13

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State]l] Turn: 119 (Computer); Chips: 619; Takeable: 8
[Solve] Chips: 619 = F_15 + F_6 + F_2 = 610 + 8 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 120 (User); Chips: 618; Takeable: 2
[Solve] Chips: 618 = F_15 + F_6 = 610 + 8

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 121 (Computer); Chips: 616; Takeable: 4
[Solve] Chips: 616 = F_15 + F_5 + F_2 = 610 + 5 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 122 (User); Chips: 615; Takeable: 2
[Solve] Chips: 615 = F_15 + F_5 = 610 + 5

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 123 (Computer); Chips: 613; Takeable: 4
[Solve] Chips: 613 = F_15 + F_4 = 610 + 3

[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 124 (User); Chips: 610; Takeable: 6
[Solve] Chips: 610 = F_15 = 610

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State]l] Turn: 125 (Computer); Chips: 604; Takeable: 12
[Solve] Chips: 604 = F_14 + F_12 + F_10 + F_8 + F_5 + F_3 = 377 + 144 + 55 + 21 + 5 + 2
[Solve] Optimal: 2; Possible: {2, 7}

[Input] Computer Takes: 2

[State] Turn: 126 (User); Chips: 602; Takeable: 4
[Solve] Chips: 602 = F_14 + F_12 + F_10 + F_8 + F_5 = 377 + 144 + 55 + 21 + 5
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 127 (Computer); Chips: 598; Takeable: 8
[Solve] Chips: 598 = F_14 + F_12 + F_10 + F_8 + F_2 = 377 + 144 + 55 + 21 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 128 (User); Chips: 597; Takeable: 2
[Solve] Chips: 597 = F_14 + F_12 + F_10 + F_8 = 377 + 144 + 55 + 21
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 129 (Computer); Chips: 595; Takeable: 4
[Solve] Chips: 595 = F_14 + F_12 + F_10 + F_7 + F_5 + F_2 = 377 + 144 + 55 + 13 + 5 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 130 (User); Chips: 594; Takeable: 2
[Solve] Chips: 594 = F_14 + F_12 + F_10 + F_7 + F_5 = 377 + 144 + 55 + 13 + 5
[Solve] Optimal: 1; Possible: {}



Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

User Takes: 2
Turn: 131 (Computer); Chips: 592; Takeable:
Chips: 592 = F_14 + F_12 + F_10 + F_7 + F_4

Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 132 (User); Chips: 589; Takeable: 6
Chips: 589 = F_14 + F_12 + F_10 + F_7 = 377
Optimal: 1; Possible: {}

User Takes: 6
Turn: 133 (Computer); Chips: 583; Takeable:
Chips: 583 = F_14 + F_12 + F_10 + F_5 + F_3

Optimal: 2; Possible: {2, 7}
Computer Takes: 2
Turn: 134 (User); Chips: 581; Takeable: 4

Chips: 581 = F_14 + F_12 + F_10 + F_5 = 377
Optimal: 1; Possible: {}

User Takes: 4

Turn: 135 (Computer); Chips: 577; Takeable:
Chips: 577 = F_14 + F_12 + F_10 + F_2 = 377

Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 136 (User); Chips: 576; Takeable: 2
Chips: 576 = F_14 + F_12 + F_10 = 377 + 144
Optimal: 1; Possible: {}

User Takes: 2

Turn: 137 (Computer); Chips: 574; Takeable:
Chips: 574 = F_14 + F_12 + F_9 + F_7 + F_5
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 138 (User); Chips: 573; Takeable: 2
Chips: 573 = F_14 + F_12 + F_9 + F_7 + F_5
Optimal: 1; Possible: {}

User Takes: 2

Turn: 139 (Computer); Chips: 571; Takeable:
Chips: 571 = F_14 + F_12 + F_9 + F_7 + F_4

Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 140 (User); Chips: 568; Takeable: 6
Chips: 568 = F_14 + F_12 + F_9 + F_7 = 377

Optimal: 1; Possible: {}

User Takes: 6

Turn: 141 (Computer); Chips: 562; Takeable:
Chips: 562 = F_14 + F_12 + F_9 + F_5 + F_3
Optimal: 2; Possible: {2, 7}

Computer Takes: 2

Turn: 142 (User); Chips: 560; Takeable: 4
Chips: 560 = F_14 + F_12 + F_9 + F_5 = 377
Optimal: 1; Possible: {}

User Takes: 4

Turn: 143 (Computer); Chips: 556; Takeable:
Chips: 556 = F_14 + F_12 + F_9 + F_2 = 377

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 144 (User); Chips: 555; Takeable: 2

Chips: 555 = F_14 + F_12 + F_9 = 377 + 144
Optimal: 1; Possible: {}
User Takes: 2

Turn: 145 (Computer); Chips: 553; Takeable:
Chips: 553 = F_14 + F_12 + F_8 + F_6 + F_4
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 146 (User); Chips: 550; Takeable: 6
Chips: 550 = F_14 + F_12 + F_8 + F_6 = 377
Optimal: 1; Possible: {}

User Takes: 6
Turn: 147 (Computer); Chips: 544; Takeable:
Chips: 544 = F_14 + F_12 + F_8 + F_3 = 377

Optimal: 2; Possible: {2}
Computer Takes: 2
Turn: 148 (User); Chips: 542; Takeable: 4

Chips: 542 = F_14 + F_12 + F_8 = 377 + 144

Optimal: 1; Possible: {}

User Takes: 4

Turn: 149 (Computer); Chips: 538; Takeable:
Chips: 538 = F_14 + F_12 + F_7 + F_4 + F_2
Optimal: 1; Possible: {1, 4}

Computer Takes: 1

Turn: 150 (User); Chips: 537; Takeable: 2
Chips: 537 = F_14 + F_12 + F_7 + F_4 = 377
Optimal: 1; Possible: {}

User Takes: 2

Turn: 151 (Computer); Chips: 535; Takeable:
Chips: 535 = F_14 + F_12 + F_7 + F_2 = 377
Optimal: 1; Possible: {1}

+ 144

= 377

+ 144

+ 144

+ F_2

= 377

= 377

+ 144

12

= 377

+ 144

+ 144

+ 34

= 377

+ 144

12

+ 144

+ 21

= 377

+ 144

+ 144

144 + 55 + 13 + 3

55 + 13

144 + 55 + 5 + 2

556 + b

556 + 1

377 +

144 + 34 + 13 + 5 + 1

144 + 34 + 13 + 5

144 + 34 + 13 + 3

34 + 13

144 + 34 + 5 + 2

34 + 5

34 + 1

144 + 21 + 8 + 3

21 + 8

21 + 2

144 + 13 + 3 + 1

13 + 3

13 + 1
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Exercises from Section 1.2.8

[Input] Computer Takes: 1

[State] Turn: 152 (User); Chips: 534; Takeable: 2
[Solve] Chips: 534 = F_14 + F_12 + F_7 = 377 + 144 + 13

[Solve] Optimal: 1; Possible:
[Input] User Takes: 2
[State] Turn: 153 (Computer);

{3

Chips: 532; Takeable: 4

[Solve] Chips: 532 = F_14 + F_12 + F_6 + F_4 = 377 + 144 + 8 + 3

[Solve] Optimal: 3; Possible:
[Input] Computer Takes: 3

{3}

[State] Turn: 154 (User); Chips: 529; Takeable: 6
[Solve] Chips: 529 = F_14 + F_12 + F_6 = 377 + 144 + 8

[Solve] Optimal: 1; Possible:
[Input] User Takes: 6
[State] Turn: 155 (Computer);

{3

Chips: 523; Takeable: 12

[Solve] Chips: 523 = F_14 + F_12 + F_3 = 377 + 144 + 2

[Solve] Optimal: 2; Possible:
[Input] Computer Takes: 2

{2}

[State] Turn: 156 (User); Chips: 521; Takeable: 4
[Solve] Chips: 521 = F_14 + F_12 = 377 + 144

[Solve] Optimal: 1; Possible:
[Input] User Takes: 4
[State] Turn: 157 (Computer);

[Solve] Chips: 517 = F_14 + F_11 + F_9 + F_7 + F_4 + F_2 = 377 + 89 + 34 + 13 + 3 + 1

[Solve] Optimal: 1; Possible:
[Input] Computer Takes: 1

{1
Chips: 517; Takeable: 8

{1, 4}

[State] Turn: 158 (User); Chips: 516; Takeable: 2

[Solve] Chips: 516 = F_14 + F_11 + F_9 + F_7 + F_4 = 377 + 89 + 34 + 13 + 3

[Solve] Optimal: 1; Possible:
[Input] User Takes: 2
[State] Turn: 159 (Computer);

[Solve] Chips: 514 = F_14 + F_11 + F_9 + F_7 + F_2 = 377 + 89 + 34 + 13 + 1

[Solve] Optimal: 1; Possible:
[Input] Computer Takes: 1

{}
Chips: 514; Takeable: 4

{1}

[State] Turn: 160 (User); Chips: 513; Takeable: 2
[Solve] Chips: 513 = F_14 + F_11 + F_9 + F_7 = 377 + 89 + 34 + 13

[Solve] Optimal: 1; Possible:
[Input] User Takes: 2
[State] Turn: 161 (Computer);

[Solve] Chips: 511 = F_14 + F_11 + F_9 + F_6 + F_4 = 377 + 89 + 34 + 8 + 3

[Solve] Optimal: 3; Possible:
[Input] Computer Takes: 3

{3
Chips: 511; Takeable: 4

{3}

[State] Turn: 162 (User); Chips: 508; Takeable: 6
[Solve] Chips: 508 = F_14 + F_11 + F_9 + F_6 = 377 + 89 + 34 + 8

[Solve] Optimal: 1; Possible:
[Input] User Takes: 6
[State] Turn: 163 (Computer);

{1

Chips: 502; Takeable: 12

[Solve] Chips: 502 = F_14 + F_11 + F_9 + F_3 = 377 + 89 + 34 + 2

[Solve] Optimal: 2; Possible:
[Input] Computer Takes: 2

{2}

[State] Turn: 164 (User); Chips: 500; Takeable: 4
[Solve] Chips: 500 = F_14 + F_11 + F_9 = 377 + 89 + 34

[Solve] Optimal: 1; Possible:
[Input] User Takes: 4
[State] Turn: 165 (Computer);

[Solve] Chips: 496 = F_14 + F_11 + F_8 + F_6 + F_2 = 377 + 89 + 21 + 8 + 1

[Solve] Optimal: 1; Possible:
[Input] Computer Takes: 1

{
Chips: 496; Takeable: 8

{1}

[State] Turn: 166 (User); Chips: 495; Takeable: 2
[Solve] Chips: 495 = F_14 + F_11 + F_8 + F_6 = 377 + 89 + 21 + 8

[Solve] Optimal: 1; Possible:
[Input] User Takes: 2
[State] Turn: 167 (Computer);

[Solve] Chips: 493 = F_14 + F_11 + F_8 + F_56 + F_2 = 377 + 89 + 21 + 5 + 1

[Solve] Optimal: 1; Possible:
[Input] Computer Takes: 1

{3
Chips: 493; Takeable: 4

{1}

[State] Turn: 168 (User); Chips: 492; Takeable: 2
[Solve] Chips: 492 = F_14 + F_11 + F_8 + F_5 = 377 + 89 + 21 + 5

[Solve] Optimal: 1; Possible:
[Input] User Takes: 2
[State] Turn: 169 (Computer);

{1

Chips: 490; Takeable: 4

[Solve] Chips: 490 = F_14 + F_11 + F_8 + F_4 = 377 + 89 + 21 + 3

[Solve] Optimal: 3; Possible:
[Input] Computer Takes: 3

{3}

[State] Turn: 170 (User); Chips: 487; Takeable: 6
[Solve] Chips: 487 = F_14 + F_11 + F_8 = 377 + 89 + 21

[Solve] Optimal: 1; Possible:
[Input] User Takes: 6
[State] Turn: 171 (Computer);

{3

Chips: 481; Takeable: 12

[Solve] Chips: 481 = F_14 + F_11 + F_7 + F_3 = 377 + 89 + 13 + 2

[Solve] Optimal: 2; Possible:
[Input] Computer Takes: 2

{2}

[State] Turn: 172 (User); Chips: 479; Takeable: 4
[Solve] Chips: 479 = F_14 + F_11 + F_7 = 377 + 89 + 13

[Solve] Optimal: 1; Possible:

{3
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Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

User Takes: 4
Turn: 173 (Computer); Chips:

Chips: 475 = F_14 + F_11 + F_

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 174 (User); Chips: 474;

Chips: 474 = F_14 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 2
Turn: 175 (Computer); Chips:

Chips: 472 = F_14 + F_11 + F_

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 176 (User); Chips: 471;

Chips: 471 = F_14 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 2
Turn: 177 (Computer); Chips:

475; Takeable: 8
6 + F_2 = 377 + 89 + 8 + 1

Takeable: 2
6 = 377 + 89 + 8

472; Takeable: 4
5 + F_2 = 377 + 89 + 5 + 1

Takeable: 2
5 = 377 + 89 + b5

469; Takeable: 4

Chips: 469 = F_14 + F_11 + F_4 = 377 + 89 + 3

Optimal: 3; Possible: {3}
Computer Takes: 3
Turn: 178 (User); Chips: 466;

Takeable: 6

Chips: 466 = F_14 + F_11 = 377 + 89

Optimal: 1; Possible: {}
User Takes: 6
Turn: 179 (Computer); Chips:

Chips: 460 = F_14 + F_10 + F_8 + F_5 + F_3 = 377 + 565 + 21 + 5 + 2

Optimal: 2; Possible: {2, 7}
Computer Takes: 2
Turn: 180 (User); Chips: 458;

460; Takeable: 12

Takeable: 4

Chips: 458 = F_14 + F_10 + F_8 + F_5 = 377 + 556 + 21 + 5

Optimal: 1; Possible: {}
User Takes: 4
Turn: 181 (Computer); Chips:

454; Takeable: 8

Chips: 454 = F_14 + F_10 + F_8 + F_2 = 377 + 556 + 21 + 1

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 182 (User); Chips: 453;

Takeable: 2

Chips: 453 = F_14 + F_10 + F_8 = 377 + 55 + 21

Optimal: 1; Possible: {}
User Takes: 2
Turn: 183 (Computer); Chips:

Chips: 451 = F_14 + F_10 + F_7 + F_6 + F_2 = 377 + 65 + 13 + 5 + 1

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 184 (User); Chips: 450;

451; Takeable: 4

Takeable: 2

Chips: 450 = F_14 + F_10 + F_7 + F_5 = 377 + 556 + 13 + &

Optimal: 1; Possible: {}
User Takes: 2
Turn: 185 (Computer); Chips:

448; Takeable: 4

Chips: 448 = F_14 + F_10 + F_7 + F_4 = 377 + 55 + 13 + 3

Optimal: 3; Possible: {3}
Computer Takes: 3
Turn: 186 (User); Chips: 445;

Takeable: 6

Chips: 445 = F_14 + F_10 + F_7 = 377 + 55 + 13

Optimal: 1; Possible: {}
User Takes: 6
Turn: 187 (Computer); Chips:

Chips: 439 = F_14 + F_10 + F_

Optimal: 2; Possible: {2, 7}
Computer Takes: 2
Turn: 188 (User); Chips: 437;

Chips: 437 = F_14 + F_10 + F_

Optimal: 1; Possible: {}
User Takes: 4
Turn: 189 (Computer); Chips:

Chips: 433 = F_14 + F_10 + F_

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 190 (User); Chips: 432;

439; Takeable: 12
5 + F_3 = 377 + 66 + 5 + 2

Takeable: 4
5 = 377 + 565 + b5

433; Takeable: 8
2 = 377 + 55 + 1

Takeable: 2

Chips: 432 = F_14 + F_10 = 377 + 55

Optimal: 1; Possible: {}
User Takes: 2
Turn: 191 (Computer); Chips:

Chips: 430 = F_14 + F_9 + F_.7 + F_5 + F_2 = 377 + 34 + 13 + 5 + 1

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 192 (User); Chips: 429;

430; Takeable: 4

Takeable: 2

Chips: 429 = F_14 + F_9 + F_7 + F_5 = 377 + 34 + 13 + 5

Optimal: 1; Possible: {}
User Takes: 2
Turn: 193 (Computer); Chips:

427; Takeable: 4

Chips: 427 = F_14 + F_9 + F_7 + F_4 = 377 + 34 + 13 + 3

Optimal: 3; Possible: {3}
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Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

Computer Takes: 3

Turn: 194 (User); Chips: 424; Takeable: 6
Chips: 424 = F_14 + F_9 + F_7 = 377 + 34 +
Optimal: 1; Possible: {}

User Takes: 6

Turn: 195 (Computer); Chips: 418; Takeable:
Chips: 418 = F_14 + F_9 + F_5 + F_3 = 377 +
Optimal: 2; Possible: {2, 7}

Computer Takes: 2

Turn: 196 (User); Chips: 416; Takeable: 4
Chips: 416 = F_14 + F_9 + F_5 = 377 + 34 +
Optimal: 1; Possible: {}

User Takes: 4

Turn: 197 (Computer); Chips: 412; Takeable:
Chips: 412 = F_14 + F_9 + F_2 = 377 + 34 +
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 198 (User); Chips: 411; Takeable: 2
Chips: 411 = F_14 + F_9 = 377 + 34

Optimal: 1; Possible: {}

User Takes: 2

Turn: 199 (Computer); Chips: 409; Takeable:
Chips: 409 = F_14 + F_8 + F_6 + F_4 = 377 +
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 200 (User); Chips: 406; Takeable: 6
Chips: 406 = F_14 + F_8 + F_6 = 377 + 21 +
Optimal: 1; Possible: {}

User Takes: 6

Turn: 201 (Computer); Chips: 400; Takeable:
Chips: 400 = F_14 + F_8 + F_3 = 377 + 21 +
Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 202 (User); Chips: 398; Takeable: 4
Chips: 398 = F_14 + F_8 = 377 + 21

Optimal: 1; Possible: {}

User Takes: 4

Turn: 203 (Computer); Chips: 394; Takeable:
Chips: 394 = F_14 + F_7 + F_4 + F_2 = 377 +
Optimal: 1; Possible: {1, 4}

Computer Takes: 1

Turn: 204 (User); Chips: 393; Takeable: 2
Chips: 393 = F_14 + F_7 + F_4 = 377 + 13 +
Optimal: 1; Possible: {}

User Takes: 2

Turn: 205 (Computer); Chips: 391; Takeable:
Chips: 391 = F_14 + F_7 + F_2 = 377 + 13 +
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 206 (User); Chips: 390; Takeable: 2
Chips: 390 = F_14 + F_7 = 377 + 13

Optimal: 1; Possible: {}

User Takes: 2

Turn: 207 (Computer); Chips: 388; Takeable:
Chips: 388 = F_14 + F_6 + F_4 = 377 + 8 + 3
Optimal: 3; Possible: {3}

Computer Takes: 3

Turn: 208 (User); Chips: 385; Takeable: 6
Chips: 385 = F_14 + F_6 = 377 + 8

Optimal: 1; Possible: {r

User Takes: 6

Turn: 209 (Computer); Chips: 379; Takeable:
Chips: 379 = F_14 + F_3 = 377 + 2

Optimal: 2; Possible: {2}

Computer Takes: 2

Turn: 210 (User); Chips: 377; Takeable: 4
Chips: 377 = F_14 = 377

Optimal: 1; Possible: {}

User Takes: 4

Turn: 211 (Computer); Chips: 373; Takeable:
Chips: 373 = F_13 + F_11 + F_9 + F_7 + F_4
Optimal: 1; Possible: {1, 4}

Computer Takes: 1

Turn: 212 (User); Chips: 372; Takeable: 2
Chips: 372 = F_13 + F_11 + F_9 + F_7 + F_4
Optimal: 1; Possible: {}

User Takes: 2

Turn: 213 (Computer); Chips: 370; Takeable:
Chips: 370 = F_13 + F_11 + F_9 + F_7 + F_2
Optimal: 1; Possible: {1}

Computer Takes: 1

Turn: 214 (User); Chips: 369; Takeable: 2
Chips: 369 = F_13 + F_11 + F_9 + F_7 = 233
Optimal: 1; Possible: {r

13

12
34 + 5 + 2

5

8
1

4

21 + 8 + 3

8

12
2

8

13 + 3 + 1

3

4
1

4

12

8
+ F_2 = 233 + 89 + 34 + 13 + 3 + 1

= 233 + 89 + 34 + 13 + 3

= 233 + 89 + 34 + 13 + 1

+ 89 + 34 + 13
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Exercises from Section 1.2.8

[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[Statel
[Solve]
[Solvel
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel
[Input]
[Statel
[Solve]
[Solve]
[Input]
[Statel
[Solvel
[Solvel
[Input]
[Statel
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solvel
[Solvel
[Input]
[State]
[Solve]
[Solvel

User Takes: 2
Turn: 215 (Computer); Chips:

Chips: 367 = F_13 + F_11 + F_

Optimal: 3; Possible: {3}
Computer Takes: 3
Turn: 216 (User); Chips: 364;

Chips: 364 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 6
Turn: 217 (Computer); Chips:

Chips: 358 = F_13 + F_11 + F_

Optimal: 2; Possible: {2}
Computer Takes: 2
Turn: 218 (User); Chips: 356;

Chips: 3566 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 4
Turn: 219 (Computer); Chips:

Chips: 352 = F_13 + F_11 + F_

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 220 (User); Chips: 351;

Chips: 351 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 2
Turn: 221 (Computer); Chips:

Chips: 349 = F_13 + F_11 + F_

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 222 (User); Chips: 348;

Chips: 348 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 2
Turn: 223 (Computer); Chips:

Chips: 346 = F_13 + F_11 + F_

Optimal: 3; Possible: {3}
Computer Takes: 3
Turn: 224 (User); Chips: 343;

Chips: 343 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 6
Turn: 225 (Computer); Chips:

Chips: 337 = F_13 + F_11 + F_

Optimal: 2; Possible: {2}
Computer Takes: 2
Turn: 226 (User); Chips: 335;

Chips: 335 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 4
Turn: 227 (Computer); Chips:

Chips: 331 = F_13 + F_11 + F_

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 228 (User); Chips: 330;

Chips: 330 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 2
Turn: 229 (Computer); Chips:

Chips: 328 = F_13 + F_11 + F_

Optimal: 1; Possible: {1}
Computer Takes: 1
Turn: 230 (User); Chips: 327;

Chips: 327 = F_13 + F_11 + F_

Optimal: 1; Possible: {}
User Takes: 2
Turn: 231 (Computer); Chips:

Chips: 325 = F_13 + F_11 + F_

Optimal: 3; Possible: {3}
Computer Takes: 3
Turn: 232 (User); Chips: 322;

367; Takeable:

9 + F_6 + F_4

Takeable: 6
9 + F_6 = 233

358; Takeable:

9 + F_3 = 233

Takeable: 4

4
= 233 + 89 + 34 + 8 + 3

+ 89 + 34 + 8

12
+ 89 + 34 + 2

9 = 233 + 89 + 34

352; Takeable:

8 + F_6 + F_2

Takeable: 2
8 + F_6 = 233

349; Takeable:

8 + F_5 + F_2

Takeable: 2
8 + F_5 = 233

346; Takeable:

8 + F_4 = 233

Takeable: 6

8
=233 + 89 + 21 + 8 + 1

+ 89 + 21 + 8

4

= 233 + 89 + 21 + 5 + 1

+ 89 + 21 + 5

+ 89 + 21 + 3

8 = 233 + 89 + 21

337; Takeable:

7 + F_3 = 233

Takeable: 4

12
+ 89 + 13 + 2

7 = 233 + 89 + 13

331; Takeable:

6 + F_2 = 233

Takeable: 2

8
+ 89 + 8 + 1

6 = 233 + 89 + 8

328; Takeable:

5 + F_2 = 233

Takeable: 2

4
+ 89 + 5 + 1

5 = 233 + 89 + 5

325; Takeable:

4

4 = 233 + 89 + 3

Takeable: 6

Chips: 322 = F_13 + F_11 = 233 + 89

Optimal: 1; Possible: {}
User Takes: 6
Turn: 233 (Computer); Chips:

Chips: 316 = F_13 + F_10 + F_

Optimal: 2; Possible: {2, 7}
Computer Takes: 2
Turn: 234 (User); Chips: 314;

Chips: 314 = F_13 + F_10 + F_

Optimal: 1; Possible: {}
User Takes: 4
Turn: 235 (Computer); Chips:

Chips: 310 = F_13 + F_10 + F_

Optimal: 1; Possible: {1}

316; Takeable:

8 + F_.65 + F_3

Takeable: 4
8 + F_5 = 233

310; Takeable:

8 + F_2 = 233

12
= 233 + 556 + 21 + 5 + 2

+ 65 + 21 + 5

8
+ 65 + 21 + 1

89



Exercises from Section 1.2.8

[Input] Computer Takes: 1

[State] Turn: 236 (User); Chips: 309; Takeable: 2

[Solve] Chips: 309 = F_13 + F_10 + F_8 = 233 + 55 + 21

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 237 (Computer); Chips: 307; Takeable: 4

[Solve] Chips: 307 = F_13 + F_10 + F_7 + F_5 + F_2 = 233 + 55 + 13 + 5 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 238 (User); Chips: 306; Takeable: 2

[Solve] Chips: 306 = F_13 + F_10 + F_7 + F_5 = 233 + 55 + 13 + b
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State]l] Turn: 239 (Computer); Chips: 304; Takeable: 4

[Solve] Chips: 304 = F_13 + F_10 + F_7 + F_4 = 233 + 55 + 13 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 240 (User); Chips: 301; Takeable: 6

[Solve] Chips: 301 = F_13 + F_10 + F_7 = 233 + 55 + 13

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 241 (Computer); Chips: 295; Takeable: 12

[Solve] Chips: 295 = F_13 + F_10 + F_5 + F_3 = 233 + 55 + 5 + 2
[Solve] Optimal: 2; Possible: {2, 7}

[Input] Computer Takes: 2

[State] Turn: 242 (User); Chips: 293; Takeable: 4

[Solve] Chips: 293 = F_13 + F_10 + F_5 = 233 + 55 + §

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 243 (Computer); Chips: 289; Takeable: 8

[Solve] Chips: 289 = F_13 + F_10 + F_2 = 233 + 55 + 1

[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 244 (User); Chips: 288; Takeable: 2

[Solve] Chips: 288 = F_13 + F_10 = 233 + 55

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State]l] Turn: 245 (Computer); Chips: 286; Takeable: 4

[Solve] Chips: 286 = F_13 + F_9 + F_7 + F_5 + F_2 = 233 + 34 + 13 + 5 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 246 (User); Chips: 285; Takeable: 2

[Solve] Chips: 285 = F_13 + F_9 + F_7 + F_5 = 233 + 34 + 13 + b
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 247 (Computer); Chips: 283; Takeable: 4

[Solve] Chips: 283 = F_13 + F_9 + F_7 + F_4 = 233 + 34 + 13 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 248 (User); Chips: 280; Takeable: 6

[Solve] Chips: 280 = F_13 + F_9 + F_7 = 233 + 34 + 13

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 249 (Computer); Chips: 274; Takeable: 12

[Solve] Chips: 274 = F_13 + F_9 + F_5 + F_3 = 233 + 34 + 5 + 2
[Solve] Optimal: 2; Possible: {2, 7}

[Input] Computer Takes: 2

[State] Turn: 250 (User); Chips: 272; Takeable: 4

[Solve] Chips: 272 = F_13 + F_9 + F_5 = 233 + 34 + 5

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State]l] Turn: 251 (Computer); Chips: 268; Takeable: 8

[Solve] Chips: 268 = F_13 + F_9 + F_2 = 233 + 34 + 1

[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 252 (User); Chips: 267; Takeable: 2

[Solve] Chips: 267 = F_13 + F_9 = 233 + 34

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 253 (Computer); Chips: 265; Takeable: 4

[Solve] Chips: 265 = F_13 + F_8 + F_6 + F_4 = 233 + 21 + 8 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 254 (User); Chips: 262; Takeable: 6

[Solve] Chips: 262 = F_13 + F_8 + F_6 = 233 + 21 + 8

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 255 (Computer); Chips: 256; Takeable: 12

[Solve] Chips: 256 = F_13 + F_8 + F_3 = 233 + 21 + 2

[Solve] Optimal: 2; Possible: {2}

[Input] Computer Takes: 2

[State] Turn: 256 (User); Chips: 254; Takeable: 4

[Solve] Chips: 254 = F_13 + F_8 = 233 + 21

[Solve] Optimal: 1; Possible: {}



Exercises from Section 1.2.8

[Input] User Takes: 4
[State] Turn: 257 (Computer); Chips:

250; Takeable: 8

[Solve] Chips: 250 = F_13 + F_7 + F_4 + F_2 = 233 + 13 + 3 + 1

[Solve] Optimal: 1; Possible: {1, 4}
[Input] Computer Takes: 1
[State] Turn: 258 (User); Chips: 249;

[Solve] Chips: 249 = F_13 + F_7 + F_4

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 259 (Computer); Chips:

[Solve] Chips: 247 = F_13 + F_7 + F_2

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1
[State] Turn: 260 (User); Chips: 246;

Takeable: 2
= 233 + 13 + 3

247; Takeable: 4
= 233 + 13 + 1

Takeable: 2

[Solve] Chips: 246 = F_13 + F_7 = 233 + 13

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 261 (Computer); Chips:

[Solve] Chips: 244 = F_13 + F_6 + F_4

[Solve] Optimal: 3; Possible: {3}
[Input] Computer Takes: 3
[State] Turn: 262 (User); Chips: 241;

244; Takeable: 4
= 233 + 8 + 3

Takeable: 6

[Solve] Chips: 241 = F_13 + F_6 = 233 + 8

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 6
[State] Turn: 263 (Computer); Chips:

235; Takeable: 12

[Solve] Chips: 235 = F_13 + F_3 = 233 + 2

[Solve] Optimal: 2; Possible: {2}
[Input] Computer Takes: 2

[State] Turn: 264 (User); Chips: 233;
[Solve] Chips: 233 = F_13 = 233
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 4

[State] Turn: 265 (Computer); Chips:

[Solve] Chips: 229 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1
[State] Turn: 266 (User); Chips: 228;

[Solve] Chips: 228 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 267 (Computer); Chips:

[Solve] Chips: 226 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1
[State] Turn: 268 (User); Chips: 225;

[Solve] Chips: 225 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 269 (Computer); Chips:

[Solve] Chips: 223 = F_12 + F_10 + F_

[Solve] Optimal: 3; Possible: {3}
[Input] Computer Takes: 3
[State] Turn: 270 (User); Chips: 220;

[Solve] Chips: 220 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 6
[State] Turn: 271 (Computer); Chips:

[Solve] Chips: 214 = F_12 + F_10 + F_

[Solve] Optimal: 2; Possible: {2}
[Input] Computer Takes: 2
[State] Turn: 272 (User); Chips: 212;

[Solve] Chips: 212 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 4
[State] Turn: 273 (Computer); Chips:

[Solve] Chips: 208 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1
[State] Turn: 274 (User); Chips: 207;

[Solve] Chips: 207 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 275 (Computer); Chips:

[Solve] Chips: 205 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1
[State] Turn: 276 (User); Chips: 204;

[Solve] Chips: 204 = F_12 + F_10 + F_

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 277 (Computer); Chips:

[Solve] Chips: 202 = F_12 + F_10 + F_

[Solve] Optimal: 3; Possible: {3}

Takeable: 4

229; Takeable: 8

8 + F_6 + F_2 = 144 + 55 + 21 + 8 + 1

Takeable: 2

8 + F_6 = 144 + 55 + 21 + 8

226; Takeable: 4

8 + F.5 + F_2 = 144 + 556 + 21 + 5 + 1

Takeable: 2
8 + F_b = 144 + 55

223; Takeable: 4
8 + F_4 = 144 + 55

Takeable: 6
8 = 144 + 55 + 21

214; Takeable: 12
7 + F_3 = 144 + 55

Takeable: 4
7 = 144 + 55 + 13

208; Takeable: 8
6 + F_2 = 144 + 55

Takeable: 2
6 = 144 + 55 + 8

205; Takeable: 4
5 + F_2 = 144 + 55

Takeable: 2
5 = 144 + 55 + 5

202; Takeable: 4
4 = 144 + 55 + 3

+

+

21 + 5

21 + 3

13 + 2
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Exercises from Section 1.2.8

[Input] Computer Takes: 3
[State] Turn: 278 (User); Chips: 199;

[Solve] Chips: 199 = F_12 + F_10 = 144 + 55

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 6
[State] Turn: 279 (Computer); Chips:

[Solve] Chips: 193 = F_12 + F_9 + F_7 + F_3

[Solve] Optimal: 2; Possible: {2}
[Input] Computer Takes: 2

[State] Turn: 280 (User); Chips: 191;
[Solve] Chips: 191 = F_12 + F_9 + F_7
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 4

[State] Turn: 281 (Computer); Chips:

[Solve] Chips: 187 = F_12 + F_9 + F_6 + F_2

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 282 (User); Chips: 186;
[Solve] Chips: 186 = F_12 + F_9 + F_6
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 283 (Computer); Chips:

[Solve] Chips: 184 = F_12 + F_9 + F_5 + F_2

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 284 (User); Chips: 183;
[Solve] Chips: 183 = F_12 + F_9 + F_5
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 285 (Computer); Chips:
[Solve] Chips: 181 = F_12 + F_9 + F_4
[Solve] Optimal: 3; Possible: {3}
[Input] Computer Takes: 3

[State] Turn: 286 (User); Chips: 178;

[Solve] Chips: 178 = F_12 + F_9 = 144 + 34

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 6
[State] Turn: 287 (Computer); Chips:

[Solve] Chips: 172 = F_12 + F_8 + F_5 + F_3

[Solve] Optimal: 2; Possible: {2, 7}
[Input] Computer Takes: 2

[State] Turn: 288 (User); Chips: 170;
[Solve] Chips: 170 = F_12 + F_8 + F_5
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 4

[State] Turn: 289 (Computer); Chips:
[Solve] Chips: 166 = F_12 + F_8 + F_2
[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 290 (User); Chips: 165;

[Solve] Chips: 165 = F_12 + F_8 = 144 + 21

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 291 (Computer); Chips:

[Solve] Chips: 163 = F_12 + F_7 + F_5 + F_2

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 292 (User); Chips: 162;
[Solve] Chips: 162 = F_12 + F_7 + F_b
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 293 (Computer); Chips:
[Solve] Chips: 160 = F_12 + F_7 + F_4
[Solve] Optimal: 3; Possible: {3}
[Input] Computer Takes: 3

[State] Turn: 294 (User); Chips: 157;

[Solve]l Chips: 157 = F_12 + F_7 = 144 + 13

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 6

[State] Turn: 295 (Computer); Chips:
[Solve] Chips: 151 = F_12 + F_5 + F_3
[Solve] Optimal: 2; Possible: {2, 7}
[Input] Computer Takes: 2

[State] Turn: 296 (User); Chips: 149;

[Solve] Chips: 149 = F_12 + F_5 = 144 + 5§

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 4
[State] Turn: 297 (Computer); Chips:

[Solve] Chips: 145 = F_12 + F_2 = 144 + 1

[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 298 (User); Chips: 144;
[Solve] Chips: 144 = F_12 = 144
[Solve] Optimal: 1; Possible: {}

144 + 34 + 13

144 + 34 + 8

144 + 34 + 5

144 + 34 + 3

144 + 21 + 5

144 + 21 + 1

144 + 13 + 5

144 + 13 + 3

+ 13 + 2

+ 8 + 1

+ 5 + 1

144 + 21 + 5 + 2

144 + 13 + 5 + 1

92



Exercises from Section 1.2.8

[Input] User Takes: 2

[State] Turn: 299 (Computer); Chips: 142; Takeable: 4
[Solve] Chips: 142 = F_11 + F_9 + F_7 + F_5 + F_2 = 89 + 34 + 13 + 5 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 300 (User); Chips: 141; Takeable: 2
[Solve] Chips: 141 = F_11 + F_9 + F_7 + F_56 = 89 + 34 + 13 + 5
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 301 (Computer); Chips: 139; Takeable: 4
[Solve] Chips: 139 = F_11 + F_9 + F_7 + F_4 = 89 + 34 + 13 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 302 (User); Chips: 136; Takeable: 6
[Solve] Chips: 136 = F_11 + F_9 + F_7 = 89 + 34 + 13
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 303 (Computer); Chips: 130; Takeable: 12
[Solve] Chips: 130 = F_11 + F_9 + F_5 + F_3 = 89 + 34 + 5 + 2
[Solve] Optimal: 2; Possible: {2, 7}

[Input] Computer Takes: 2

[State] Turn: 304 (User); Chips: 128; Takeable: 4
[Solve] Chips: 128 = F_11 + F_9 + F_5 = 89 + 34 + 5
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 305 (Computer); Chips: 124; Takeable: 8
[Solve] Chips: 124 = F_11 + F_9 + F_2 = 89 + 34 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 306 (User); Chips: 123; Takeable: 2
[Solve] Chips: 123 = F_11 + F_9 = 89 + 34

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 307 (Computer); Chips: 121; Takeable: 4
[Solve] Chips: 121 = F_11 + F_8 + F_6 + F_4 = 89 + 21 + 8 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 308 (User); Chips: 118; Takeable: 6
[Solve] Chips: 118 = F_11 + F_8 + F_6 = 89 + 21 + 8
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 309 (Computer); Chips: 112; Takeable: 12
[Solve] Chips: 112 = F_11 + F_8 + F_3 = 89 + 21 + 2
[Solve] Optimal: 2; Possible: {2}

[Input] Computer Takes: 2

[State] Turn: 310 (User); Chips: 110; Takeable: 4
[Solve] Chips: 110 = F_11 + F_8 = 89 + 21

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 311 (Computer); Chips: 106; Takeable: 8
[Solve] Chips: 106 = F_11 + F_7 + F_4 + F_2 = 89 + 13 + 3 + 1
[Solve] Optimal: 1; Possible: {1, 4}

[Input] Computer Takes: 1

[State] Turn: 312 (User); Chips: 105; Takeable: 2
[Solve] Chips: 105 = F_11 + F_7 + F_4 = 89 + 13 + 3
[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 313 (Computer); Chips: 103; Takeable: 4
[Solve] Chips: 103 = F_11 + F_7 + F_2 = 89 + 13 + 1
[Solve] Optimal: 1; Possible: {1}

[Input] Computer Takes: 1

[State] Turn: 314 (User); Chips: 102; Takeable: 2
[Solve] Chips: 102 = F_11 + F_7 = 89 + 13

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 2

[State] Turn: 315 (Computer); Chips: 100; Takeable: 4
[Solve] Chips: 100 = F_11 + F_6 + F_4 = 89 + 8 + 3
[Solve] Optimal: 3; Possible: {3}

[Input] Computer Takes: 3

[State] Turn: 316 (User); Chips: 97; Takeable: 6
[Solve] Chips: 97 = F_11 + F_6 = 89 + 8

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 6

[State] Turn: 317 (Computer); Chips: 91; Takeable: 12
[Solve] Chips: 91 = F_11 + F_3 = 89 + 2

[Solve] Optimal: 2; Possible: {2}

[Input] Computer Takes: 2

[State] Turn: 318 (User); Chips: 89; Takeable: 4
[Solve] Chips: 89 = F_11 = 89

[Solve] Optimal: 1; Possible: {}

[Input] User Takes: 4

[State] Turn: 319 (Computer); Chips: 85; Takeable: 8
[Solve] Chips: 85 = F_10 + F_8 + F_6 + F_2 = 565 + 21 + 8 + 1
[Solve] Optimal: 1; Possible: {1}



Exercises from Section 1.2.8

[Input] Computer Takes: 1

[State] Turn: 320 (User); Chips: 84;
[Solve] Chips: 84 = F_10 + F_8 + F_6
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 321 (Computer); Chips:
[Solve] Chips: 82 = F_10 + F_8 + F_5
[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 322 (User); Chips: 81;
[Solve] Chips: 81 = F_10 + F_8 + F_5
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 323 (Computer); Chips:
[Solve] Chips: 79 = F_10 + F_8 + F_4
[Solve] Optimal: 3; Possible: {3}
[Input] Computer Takes: 3

[State] Turn: 324 (User); Chips: 76;

Takeable: 2
= 55 + 21 + 8

82; Takeable: 4
+ F_2 = 565 + 21 + 5 + 1

Takeable: 2
= 565 + 21 + b5

79; Takeable: 4
=55 + 21 + 3

Takeable: 6

[Solve] Chips: 76 = F_10 + F_8 = 55 + 21

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 6

[State] Turn: 325 (Computer); Chips:
[Solve] Chips: 70 = F_10 + F_7 + F_3
[Solve] Optimal: 2; Possible: {2}
[Input] Computer Takes: 2

[State] Turn: 326 (User); Chips: 68;

70; Takeable: 12
= 65 + 13 + 2

Takeable: 4

[Solve] Chips: 68 = F_10 + F_7 = 55 + 13

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 4

[State] Turn: 327 (Computer); Chips:
[Solve] Chips: 64 = F_10 + F_6 + F_2
[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 328 (User); Chips: 63;

64; Takeable: 8
=55 + 8 + 1

Takeable: 2

[Solve] Chips: 63 = F_10 + F_6 = 55 + 8

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 329 (Computer); Chips:
[Solve] Chips: 61 = F_10 + F_5 + F_2
[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 330 (User); Chips: 60;

61; Takeable: 4
= 55 + 5 + 1

Takeable: 2

[Solve] Chips: 60 = F_10 + F_5 = 55 + 5§

[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2
[State] Turn: 331 (Computer); Chips:

58; Takeable: 4

[Solve] Chips: 58 = F_10 + F_4 = 55 + 3

[Solve] Optimal: 3; Possible: {3}
[Input] Computer Takes: 3

[State] Turn: 332 (User); Chips: 55;
[Solve] Chips: 55 = F_10 = 55
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 6

[State] Turn: 333 (Computer); Chips:
[Solve] Chips: 49 = F_9 + F_7 + F_3
[Solve] Optimal: 2; Possible: {2}
[Input] Computer Takes: 2

[State] Turn: 334 (User); Chips: 47;
[Solve] Chips: 47 = F_9 + F_7 = 34 +
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 4

[State] Turn: 335 (Computer); Chips:
[Solve] Chips: 43 = F_9 + F_6 + F_2
[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 336 (User); Chips: 42;
[Solve] Chips: 42 = F_9 + F_6 = 34 +
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 337 (Computer); Chips:
[Solve] Chips: 40 = F_9 + F_5 + F_2
[Solve] Optimal: 1; Possible: {1}
[Input] Computer Takes: 1

[State] Turn: 338 (User); Chips: 39;
[Solve] Chips: 39 = F_9 + F_5 = 34 +
[Solve] Optimal: 1; Possible: {}
[Input] User Takes: 2

[State] Turn: 339 (Computer); Chips:
[Solve] Chips: 37 = F_9 + F_4 = 34 +
[Solve] Optimal: 3; Possible: {3}
[Input] Computer Takes: 3

[State] Turn: 340 (User); Chips: 34;
[Solve] Chips: 34 = F_9 = 34

[Solve] Optimal: 1; Possible: {}

Takeable: 6

49; Takeable: 12
34 + 13 + 2

Takeable: 4
13

43; Takeable: 8
34 + 8 + 1

Takeable: 2
8

40; Takeable: 4
34 + 5 + 1

Takeable: 2
5

37; Takeable: 4
3

Takeable: 6
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[Input] User Takes: 6

[State] Turn: 341 (Computer);
[Solve] Chips: 28 = F_8 + F_.5 + F_.3 = 21 + 5 + 2
[Solve] Optimal: 2; Possible:

[Input] Computer Takes: 2

Chips: 28; Takeable: 12

{2, 7}

[State] Turn: 342 (User); Chips: 26; Takeable: 4

[Solve] Chips: 26 = F_8 + F_5

[Solve] Optimal: 1; Possible:

[Input] User Takes: 4

[State] Turn: 343 (Computer);

[Solve] Chips: 22 = F_8 + F_2

[Solve] Optimal: 1; Possible:

[Input] Computer Takes: 1

=21 + 5
{

Chips: 22; Takeable: 8
=21 + 1
{1}

[State] Turn: 344 (User); Chips: 21; Takeable: 2
[Solve] Chips: 21 = F_8 = 21
[Solve] Optimal: 1; Possible:

[Input] User Takes: 2

[State] Turn: 345 (Computer);
[Solve] Chips: 19 = F_7 + F_56 + F_2 = 13 + 5 + 1
[Solve] Optimal: 1; Possible:

[Input] Computer Takes: 1

{3
Chips: 19; Takeable: 4

{1}

[State] Turn: 346 (User); Chips: 18; Takeable: 2

[Solve] Chips: 18 = F_7 + F_5

[Solve] Optimal: 1; Possible:

[Input] User Takes: 2

[State] Turn: 347 (Computer);

[Solve] Chips: 16 = F_7 + F_4

[Solve] Optimal: 3; Possible:

[Input] Computer Takes: 3

=13 + 5
{3

Chips: 16; Takeable: 4
=13 + 3
{3}

[State] Turn: 348 (User); Chips: 13; Takeable: 6

[Solve] Chips: 13 = F_7 =

13

[Solve] Optimal: 1; Possible:

[Input] User Takes: 6

[State] Turn: 349 (Computer);

[Solve] Chips: 7 = F_5 + F_

3

[Solve] Optimal: 2; Possible:

[Input] Computer Takes: 2

{3

Chips: 7; Takeable: 12

=5 + 2

{2, 7}

[State] Turn: 350 (User); Chips: 5; Takeable: 4

[Solve] Chips: 5 = F_5 = 5

[Solve] Optimal: 1; Possible:

[Input] User Takes: 4

[State] Turn: 351 (Computer);

[Solve] Chips: 1 = F_2 = 1

[Solve] Optimal: 1; Possible:

[Input] Computer Takes: 1

Turns: 351
Winner: Computer

{3
Chips: 1; Takeable: 8

{1}
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39. [M24] Find a closed form expression for a,, given that ag = 0, a1 = 1, and ap42 = any1 + 6a, for
> 0.

We may use the method of generating functions to find a closed form expression for a,,. Let

Then,

(1—2—62%)G(z)

G(z) = Z apz”.

k>0

apz® + (a1 — a0)21 + Z(ak — Ap_1 — Gak,g)zk

k>2
apz® + (a1 — a0)21
0+ (1-0)z

2,
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or equivalently, using partial fractions,

That is,

40. [M25] Solve the recurrence

We have that

z
Glz) = 1—2—622
- z
=3z —1)(22+1)
~1 -1 1

B0 52241
(1 —132 C1- (1—2);:)

G| = O] =

:% ng k_Z(_Q)kzk
k>0 k>0
=> é (38 — (=2)F) 2"
k>0

Qp = (3n - (_Q)n)/5

f(n) = min max(1+ f(k),2+ f(n —k)),

0<k<n

f(n) =m

for 0 < F,,, <n < Fp,11, as shown below.

In the case that m = 0,

and

In the case that m =1,

and

Then, assuming

F0:0<1§1:F1:F0+1.

£(2) = min max(1+ f(k),2+ f(2— k)

=max(1+ f(1),2+ f(2—-1))
= max(1, 2)
-9

F2:1<2§2:F3:F2+1.

Fn) =m

for F,,, < n < F41, we must show that

f(n) =m+1

96

for n > 1.

for Fi11 < n/ < Fp49. Note that since f(n') = ming<p<n max(1+ f(k),2+ f(n' —k)), we must
have that f(n') < max(1+ f(k),2+ f(n' —k)) for 0 < k < n/, including for k = F,,,11, since
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F,11 > 0and F,,41 < n' by hypothesis. That is, since f(Fy,+1) = m for F, < Fip1 < Frta,
and since f(n' — Fipp1) <m —1for 0 <n' — Fy11 < Fp,

£’ < max(1 + (Fs1), 2+ £ = 1))
=max(1+m,2+4 (m—1))
=max(m+1,m+1)
=m+1

Then, to see why f(n') £ m + 1, assume it is. Then there must exist some integer k < n’ such
that f(k) < m, so that k < F,,,; and such that f(n' — k) <m — 1, so that n’ — k < F,,,_1. Then
k+n' —k=n"<F,+ Fn_1=Fyy1. But F,11 <n' by the inductive hypothesis. That is, the
assumption that f(n’) < m + 1 leads to a contradiction, allowing us to instead conclude that

f') =m+1,

as we needed to show.

[section 6.2.1]

» 41. [M25] (Yuri Matiyasevich, 1990.) Let f(z) = |z + ¢~ !]. Prove that if n = F, +--- + Fj, is the
representation of n in the Fibonacci number system of exercise 34, then Fy, 41 + -+ + Fy, 1 = f(¢n). Find
a similar formula for Fj, 1 + -+ + Fg,.—1.

We may prove the equality.

Proposition. >, Fi41 = ot O i<jr iyl i kj > kjpr +1 for 1< j<r
and k. > 1.

Proof. Let

n = Z ij

1<j<r

be the unique Fibonacci representation of n, k; > kj;1 +1for 1 < j <r and k. > 1.
We must show that

S Fyp=1o"+¢ > Fil=|on+eé ']

1<j<r 1<5<r
From exercise 11,
it = Fiy 410 + F,
ij+1</B = kit — Fi,
Fy, 11 = ok — <Z>_1ij
Fr,41 = oM+ OFy; .

111
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Then

Z Fijp1 = Z (ék""i‘(kaj)

1<j<r 1<j<r

Z oM+ Z OFk,

1<j<r 1<g<r

= Z o+ o Z Fy,

1<j<r 1<jsr

= D P ten

1<j<r

=gn+ Y oM.

1<j<r

But qg < 0, so if k;j > 1 is even, qgkf > 0; or if k; > 1 is odd, @Fi < 0. This determines
the upper and lower bounds of the sum of ¢*i as

Y Y s Y

3<k 1<j<r 2<k
k odd k even

since Y s<k gZA)k is strictly less than ) -, . i<r (;AS’“J' given an infinite number of terms. But

k odd
Z ok — Z <¢;k+1 7&1@71)

3<k 3<k
k odd k odd

and

7k Tk+1 Tk—1
>ooot= > ()
2<k 2<k
k even k even

so that A
o 1< Y <o

1<g<r
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That is,
o7 -1< Y <ot
1<j<r
= nt+odt—1<¢n+ Z P < pn+ ¢t
1<j<r
= ¢n+¢l-1< > Fp<énto !
1<j<r
— Z Fiyp1=lon+o7']
1<5<r
as we needed to show. O

The formula for 37, ;. Fi;—1 is similar,
Yo Fya=lot+¢t > Ryl
1<j<r 1<j<r

as shown below.

Proposition. Zlgjgr Fy,1 = o1+ o7t Zlgjgr Fy,lifkj > kjpi+1for1 <j<r
and k, > 1.

Proof. Let

n = Z ij

1<j<r

be the unique Fibonacci representation of n, k; > kj;1+1for 1 < j <r and k. > 1.
We must show that

S Fya=lot et Y Fyl=lo"n+e7l.
1<5<r 1<j<r
From exercise 11,
" = Fy; ¢+ Fy 1
= Fy_1=9¢" —Fé
= Fy_1=¢" - ¢Fy,

= Fy1= (ngj + ¢,1ij’

Then
S Fya= Y (o)
1<j<r 1<j<r
=) v+ Y o'R,
1<5<r 1<j<r
e Z dA)kj —|—¢_1 Z Fk:j
1<j<r 1<j<r
_ Z i 4 ¢ n
1<j<r
:¢*1n+ Z gﬁki,

1<j<r
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But ¢ < 0, so if k; > 1 is even, ¢*5 > 0; or if k; > 1 is odd, ¢*/ < 0. This determines
the upper and lower bounds of the sum of ¢*i as

NDRCARED SR AR N AN
3<k 1<5<r 2<k
k odd k even

since Y s<k o is strictly less than Di< j<r #%i given an infinite number of terms. But

k odd
Z ok — Z (ékJrl _(5/%1)

3<k 3<k
k odd k odd
_ _92)371
= —(&2
- (+2)
=—¢' -1
=¢p1—-1
and
Z ok — Z (qgkﬂ _(ngq)
2<k 2<k
k even k even
_ 792)271
= —(&1
71.
so that .
o 1< Y <o
1<j<r
That is,
¢—1_1< Z qgkj §¢—1
1<j<r
= ¢nt¢ T —1<oInt Y <o nto!
1<j<r
—1 -1 -1 -1
= ¢ lntol-1< > F,a<¢ 'nto
1<j<r
— Z Fiyp =07 'n+0¢71
1<j<r

as we needed to show.

[CMath, §6.6]

42. [M26] (D. A. Klarner.) Show that if m and n are nonnegative integers, there is a unique sequence of
indices k1 > ko > --- > k, such that

m=Fp, + Fg, +---+ Fy,, n=Fg 11+ Feyp1+-+ Fgq1.

(See exercise 34. The k’s may be negative, and r may be zero.)
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We may prove the existence of such a sequence.

Proposition. There exists a unique sequence of indices kj, where k; > kjiq1 + 1 for
1<j<r,r>0,suchthat m=73 ;.. F; andn=737 ;. Fi41 if myn > 0.

Proof. Let m and n be nonnegative integers. We must show that there exists a unique
sequence of indices k;, where k; > k; 1 +1for 1 < j <r,r >0, such that

m = Z ij, n = Z ij+1.

1<j<r 1<j<r

If such a sequence exists, we must have for all integers N,

mEyn_1+nFy = Z Fy,Fn_1+ Z Fi,11FN

1<j<r 1<j<r

= Z (Fi; Fn—1+ Fr;41Fn)
1<<r

= > Fn by Eq. (6).
1<G<r

In the trivial case that » = 0, the representation is unique: in particular, the empty
one. Otherwise, in the case that r > 0, let N = —k, +2 and k; =kj+Nfor1<j<r,

so that
Ky =Fkj + N
= ]fj — k. + 2,
and since k; > k,, so that
;> 1.

Then, by exercise 34, the representation

2 Fy

1<j<r

must be unique. Now let NV be large enough so that
‘mé)Nq +nqu’ <¢2.

Since ¢? = ¢ + 1,

P>o+1 = ¢>¢ 141
= ¢-—1>¢7"
= 1-¢<—¢!
= ¢ -1<—¢7%

and since ¢ > 1,
21 <= ¢<¢
= ¢ <ol
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we have that
m(ﬁN_l + n(ZASN < ¢_2

— ¢ 2<mVN ' +ndV <2

—= ' —1<mpVN +ngN < o2

= ¢ —1<md" 4 neN <o

=  ¢(mFy_1+nFy)+¢ ' -1
< ¢(mFn_1+nFy)+ (méN_l + n(ﬁN)
< ¢(mFn_1+nFy)+¢?

= G(mFy1 +nFy)+ (md¥ " +nd") = |6 (mFy 1 +nFy)+ 7).

Then
mFy +nFyi1 =m (ngFN,l + q[A)N_l) +n (ngN + qASN) by exercise 21
= m¢Fn_1 +mo™ ! + ngFy +ng™
= ¢ (mFy_1+nFy)+ (mfﬁNfl + n¢N>
= [¢(mFyx_1+nFy)+ ¢
= Z Fr, N1 by exercise 41

1<j<r

Finally, setting N = —1 yields

mF,1 +77/F,1+1 =m+ TLFO
=m+0

m
= Z Fr,—141

1<j<r

Z ija

1<j<r

and setting NV = 0 yields
mFO + nFOJrl = 0 + TLFl

n
= Z Frjto11

1<j<r

= Z ij+1a

1<j<r

concluding our proof that there exists a unique sequence of indices k;, where k; >

kjr1+1for 1 <j<r,r>0,such that

m = Z F,, n = Z Fr, 11,

1<g<r 1<g<r

as we needed to show.

[D. A. Klarner, Fibonacci Quarterly 6 (1968), 235-244]
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